HL Paper 1

Show that the points (0, 0) and (v/27 , —v/27 ) on the curve e %) = cos(zy) have a common tangent.

Markscheme

attempt at implicit differentiation M1

e (1+44) = —sin(ay) (2% +y)  ALAI
letx=0,y=0 MI
e’ (1 + :—Z) =0

dy
dx

letx =27,y = —/27

e’ (1 + S—Z) = —sin(—2m) <$:_i/ + y) =0

=—-1 Al

dy

so - =—-1 Al

since both points lie on the line y = —z this is a common tangent  RI

Note: y = —a must be seen for the final R1. It is not sufficient to note that the gradients are equal.
[7 marks]

Examiners report

Implicit differentiation was attempted by many candidates, some of whom obtained the correct value for the gradient of the tangent. However,

very few noticed the need to go further and prove that both points were on the same line.

Let f(z) = /1%, 0 <z <L

1 3
a. Show that f'(z) = %ax’i(l — )" 2 and deduce that fis an increasing function. 5]
b. Show that the curve y = f(x) has one point of inflexion, and find its coordinates. [6]
c. Use the substitution = sin?6 to show that J f(z)dz = arcsin/z — Vo — 22 +c. [11]

Markscheme

a. EITHER



derivative of 1 is w(;—l) MIAI
- (1-=)

1
1z ) 2 1
1
=32 3(l-2)2 AG

f'(z) > 0 (forall 0 < z < 1) so the function is increasing  R1

fl(z) = - MiAl
1 4 _1 1 _3
=gz 2(l—z) 2+ y22(l—x) 2 Al
3
:%w_%(lf:c)_E[lferm] MI
1 1 3

= 2:1373(1—:12)75 AG
f'(z) > 0 (forall 0 < z < 1) so the function is increasing ~ RI
[5 marks]

' 1 -1 _3

b. f(z) = 3o 3(1—2) 3

= f2)= -t i1 —2) 1+ 327 3(1—2)F MIAL

T4 4
1 3 _5

=—7z 2(1 —z) 2[1 — 4a]

flz)=0=z=; MIAI

f"(x) changes sign at z = % hence there is a point of inflexion R1

1 1
w—ziy—% Al

the coordinates are (%, %)
[6 marks]

c. x = sin’0 = ‘;—z = 2sinfcos MIAI

f\/gdx = f\/lii—i%ZsinecosedG MIAI

= [2sin’0d0 Al

= [1—cos20df MIiAl

=0—2sin20+c Al

0 = arcsiny/z Al

%Sin20 =sinfcosf = \/Eﬂ =z —x2 MIAI
hence [ \/gda: =arcsiny/z — vz —22+c AG

[11 marks]

Examiners report

a. Part (a) was generally well done, although few candidates made the final deduction asked for. Those that lost other marks in this part were
generally due to mistakes in algebraic manipulation. In part (b) whilst many students found the second derivative and set it equal to zero, few
then confirmed that it was a point of inflexion. There were several good attempts for part (c), even though there were various points throughout

the question that provided stopping points for other candidates.



b. Part (a) was generally well done, although few candidates made the final deduction asked for. Those that lost other marks in this part were
generally due to mistakes in algebraic manipulation. In part (b) whilst many students found the second derivative and set it equal to zero, few
then confirmed that it was a point of inflexion. There were several good attempts for part (c), even though there were various points throughout
the question that provided stopping points for other candidates.

c. Part (a) was generally well done, although few candidates made the final deduction asked for. Those that lost other marks in this part were
generally due to mistakes in algebraic manipulation. In part (b) whilst many students found the second derivative and set it equal to zero, few
then confirmed that it was a point of inflexion. There were several good attempts for part (c), even though there were various points throughout

the question that provided stopping points for other candidates.

The first set of axes below shows the graph of y = f(z) for —4 < z < 4.

¥ ¥
4 4
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-2 24
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Let g(z) = [*, f(t)dt for -4 <z < 4.
(a) State the value of x at which g(z) is a minimum.

(b)  On the second set of axes, sketch the graph of y = g(z).

Markscheme

(@ z=1 41

[1 mark]

(b) Al for point (-4, 0)

Al for (0,—4)

A1l for min at x = 1 in approximately the correct place
Al for (4, 0)

A1 for shape including continuity at x = 0



[5 marks]

Total [6 marks]

Examiners report

IN/A]

The function fis defined by f(z) = e® 2215,

(@) Find f'(z).

(b) You are given thaty = % has a local minimum at x = a, ¢ > 1. Find the

value of a.

Markscheme
(a) (u:x2—2m—1.5;j_’;:2x—2>
VG _e2e-2) M

=2(z — 1)e” 215 4]

2 5 2 5
% B (171)X2(171)ex 72171“’71><ez —2z—1.5

b) &= —

MIAl
_ 2x274m+lew272w71.5 (Al)

(z—1)
minimum occurs when j—i =0 M1

5 (accept T = 417\/5) Al

a=1+ \/g (accept a= 4+4\/§> RI

[8 marks]

| —

r=1=+




Examiners report

Part (a) was successfully answered by most candidates. Most candidates were able to make significant progress with part (b) but were then let

down by being unable to simplify the expression or by not understanding the significance of being told that a > 1.

1 2
The following diagram shows the graph of y = (tnz)

—, z>0.
Yo |
I
|
|
|
|
III e
III
1
\
a x
The region R is enclosed by the curve, the z-axis and the line x = e.
e (Inz)"
Let I, = fl ——dz, neN.
a. Given that the curve passes through the point (a, 0), state the value of a. 1]
b. Use the substitution © = In z to find the area of the region R. [5]
c. () Find the value of Iy. [71
(i) Provethat I, = % +nl, 1, neZ".

(i) Hence find the value of I;.

d. Find the volume of the solid formed when the region R is rotated through 27 about the x-axis

[5]
Markscheme

a.a=1 A1

[1 mark]

du _ 1
b.a—; (A1)

f&dz = fu2du M1A1

area = [%u?’]: or H(ln a:)ﬂ

1

e
A1
1

[5 marks]



(i) use of integration by parts M1

e

h:{_gm@ql+ﬁﬁg§;m:Am1

= 7% +nl, 1 AG
Note: If the substitution u = In z is used ATA1 can be awarded for I,, = [—e~%u"]} + fol ne %u" 1ldu.
i) L=-2+1xI (M)

[7 marks]

nzr 4
d. (d) volume=m [ (1@2) dz (= nl;) (A1)

EITHER
Iy = —1 +4I; M1A1
:—§+4(—§+35) M1
:—%+1ﬂ§:—%+&2(—%+2h)
OR

Inz) (nz)®

using parts [, (de =14 4[f—~dz M1A1

1 2
=—%+4(—%+3ﬁ1%i@> M1
THEN

:—%+M@—Q:M—% A1
volume =7 (24 — %)

[5 marks]

Examiners report

a. (a) and (b) were well done. Most candidates could integrate by substitution, though many did not change the limits during the substitution and,
though they changed back to x at the end of their solution, under a different markscheme they might have lost marks for this in the intermediate

stages.

b. (a) and (b) were well done. Most candidates could integrate by substitution, though many did not change the limits during the substitution and,
though they changed back to x at the end of their solution, under a different markscheme they might have lost marks for this in the intermediate

stages.

c. (c)(i) This part was well done by the candidates.

(c)(ii) This proved to be the part that was done by fewest candidates. Those who spotted that they should use integration by parts obtained the
answer fairly easily.

(c)(iii) Many candidates displayed good exam technique in this question and obtained full marks without being able to do part (ii).



d. The same good exam technique was on show here as many students who failed to prove the expression in (c)(ii) were able to use it to obtain full

marks in this question. A few candidates failed to remember correctly the formula for a volume of revolution.

Consider the functions f, g, defined forx € R, givenby f (z) = e “sinz and g (z) = e * cos z.

a.i.Find f' (z). 2]

aiiFind ¢’ (z). 1]
s

b. Hence, or otherwise, find [ e * sinz dz. [4]
0

Markscheme

a.i.attempt at product rule M1

f'(z) = —e*sinz+e *cosz Al
[2 marks]

aiig’ (z) = —e ®cosz — e ?sinz A1
[1 mark]

b. METHOD 1

Attempt to add f' (z) and ¢’ (z)  (M1)
f'(z) + 4 (z) = —2e ®sinz A1

e T

™
5 (sinz + cos w)] . (or equivalent) A1

s
f e Tsinzdxr =
0

Note: Condone absence of limits.

=5(1+e™) Af

METHOD 2
I=[e*sinzdz
=—e"cosz— [e "coszdr OR=—e “sinz + [e “coszdz MIAT
=—e ®sinx —e *cosx — fe’”” sin z dz
I= %e*’” (sinz + cosz) A1
[e"sinzdz = 11+e ™) A1
0 2

[4 marks]

Examiners report

ai VA
ailNVA
o INA



A drinking glass is modelled by rotating the graph of y = e® about the y-axis, for 1 < y < 5. Find the volume of the glass.

Markscheme
y=e"=z=Iny
volume = 'n'ff (Iny)’dy (MDAI

using integration by parts (M1)

5 2 21° 5
7 [ (Iny)°dy = ﬂ{y(lny) L -2 [ Inydy AlAl
5
= 7r[y(lny)2 —2ylny+ Zy] ) AlAl

Note: Award A1 marks if 7 is present in at least one of the above lines.

= [’ (Iny)’dy = 7 5(In5)> — 10In5+8 Al
[8 marks]

Examiners report

Only the best candidates were able to make significant progress with this question. Quite a few did not consider rotation about the y-axis. Others

wrote the correct expression, but seemed daunted by needing to integrate by parts twice.

A curve is defined by zy = 42 + 4.

a. Show that there is no point where the tangent to the curve is horizontal. [4]

b. Find the coordinates of the points where the tangent to the curve is vertical. [4]

Markscheme

dy _ o, dy
a z- +y=2yg MiIA1

d
a horizontal tangent occurs if % =0soy=0 M1

we can see from the equation of the curve that this solution is not possible (0 = 4) and so there is not a horizontal tangent ~ R1

[4 marks]

B _ ¥ or equivalent with dz
T dz T 2y-z q dy

the tangent is vertical when 2y = =z M1

substitute into the equation to give 2y> = y®> +4 M1
y=12 A1

coordinates are (4, 2), (-4, —2) At

[4 marks]

Total [8 marks]



Examiners report

A
b, IN/A]

Consider the function defined by f(z) = zv/1 — 22 on the domain —1 < z < 1.

a. Show that f is an odd function.

b. Find f'(z).

c. Hence find the z-coordinates of any local maximum or minimum points.

d. Find the range of f.

e. Sketch the graph of y = f(z) indicating clearly the coordinates of the z-intercepts and any local maximum or minimum points.

f. Find the area of the region enclosed by the graph of y = f(z) and the z-axis for z > 0.

g. Show that [, |zvT=2?%|de > ‘f_ll zv1— xzdw‘.

Markscheme

a f(-z) = (—z)y/1— (-2)" M1

=—zv1-—2?
=—f(z) R1
hence fisodd AG
[2 marks]
b. fl(z)==ze %(1 — xz)fé e 2z +(1— :cz)é M1A1A1

[3 marks]

o fla)=vI—a- s (=E5) a1

1-2 1-z

Note: This may be seen in part (b).

Note: Do not allow FT from part (b).

flz)=0=1-222=0 M1

— 41
wf:tﬁ A1
[3 marks]

d. y-coordinates of the Max Min Points are y = i% M1A1

1

so range of f(z) is [—%, 5} A1

2

(3]

(3]

(3]

(3]

(4]

(2]



Note: Allow FT from (c) if values of x, within the domain, are used.

[3 marks]

Sl-

=
| =

0.5

—0.5

Shape: The graph of an odd function, on the given domain, s-shaped,
where the max(min) is the right(left) of 0.5 (—0.5) A7

z-intercepts A1

turning points A1

[3 marks]
f. area = fol zv/1—z2dz  (M1)

attempt at “backwards chain rule” or substitution M1

=1 (~20)VI—%de

Note: Condone absence of limits for first two marks.

2

2 o 1 !
=[21-2)e—5| A1
0

571
]

=0-— (7%) =3 Al

[4 marks]
g. f_ll |zv/T—2?|dz >0 R1

‘fjl xvV1— wzdw. =0 R1

so f_ll |zy/T— 22| dz > ‘f_ll zy/1— x2dm‘ AG

[2 marks]
Total [20 marks]

Examiners report

IN/A]
IN/A]
[N/A]
IN/A]
IN/A]
IN/A]
[N/A]

@ o poo0Oop



Lety(z) = ze3*, z € R.

a. Find 2. 2]

d"y
dan

b. Prove by induction that =n3" ¥ 4 £3"e3 forn € Z7. [7]

¢. Find the coordinates of any local maximum and minimum points on the graph of y(x). [5]
Justify whether any such point is a maximum or a minimum.

d. Find the coordinates of any points of inflexion on the graph of y(z). Justify whether any such point is a point of inflexion. [5]

e. Hence sketch the graph of y(:c) indicating clearly the points found in parts (c) and (d) and any intercepts with the axes. 2]

Markscheme

d
a o =1xe% 4z x3e% = (¥ + 3ze’®)  M1A1

[2 marks]

n,

d -
b. let P(n) be the statement ﬁ =n3" e 4 23"

prove forn =1 M1
LHS of P(1) is g—i whichis 1 x €3 + z x 3e3* and RHS is 3% + z3'e’* R1
as LHS = RHS, P(1) is true

assume P(k) is true and attempt to prove P(k + 1) istrue M1

. d*y _
assuming —— = k3" ledr 4 g3heds

dk+1y d dky
P a(@ (M1)
= k3" x 363 + 1 x 3%e3” + 3% x 3637 A1

= (k + 1)3%e3® + 23k 1e3  (asrequired) A7
Note: Can award the A marks independent of the M marks

since P(1) is true and P(k) is true = P(k + 1) is true
then (by PM1), P(n)istrue (Vn € Z*) R1

Note: To gain last R1 at least four of the above marks must have been gained.

[7 marks]

c. e3z+:cx3e3w=0:>1+3:c:0:>m:—§ M1A1

I 1 1
point is <—§, - 5) A1
EITHER

d%y
o =2X 36" 4 2 x 3%

d2
’Z > ( therefore the point is a minimum ~ M1A1

whenx——l -
- 37 dz



OR

1
I ——

3
ﬂ —ve 0 +ve
dl-

nature table shows point is a minimum  M1A1

[5 marks]
d’y 2
d. W:2X363z+1‘x3632 A1
2x363% 47 x3%7=0=2+43z=0=z=—2 MIAT

point is (fé, — Q) A1

X _

d’y
a’

—ve 0 +ve

since the curvature does change (concave down to concave up) it is a point of inflection R17

Note: Allow 3rd derivative is not zero at —%

[5 marks]

(general shape including asymptote and through origin) A1

showing minimum and point of inflection A7

Note: Only indication of position of answers to (c) and (d) required, not coordinates.
[2 marks]

Total [21 marks]

Examiners report

a. Well done.

b. The logic of an induction proof was not known well enough. Many candidates used what they had to prove rather than differentiating what they had

assumed. They did not have enough experience in doing Induction proofs.
c. Good, some forgot to test for min/max, some forgot to give the y value.
d. Again quite good, some forgot to check for change in curvature and some forgot the y value.

e. Some accurate sketches, some had all the information from earlier parts but could not apply it. The asymptote was often missed.

Using integration by parts find f:c sin xdx.



Markscheme

attempt to integrate one factor and differentiate the other, leading to a sum of two terms

Jzsinzdz = z(—cosz)+ [coszdz (A1)(A1)

= —zcosx +sinx+c A1
Note: Only award final A1 if 4+ c is seen.

[4 marks]

Examiners report

IN/A]

z

By using the substitution u = e” + 3, find [ mdl‘

Markscheme

du
EITHER

integral isfmdz M1A1

u

Note: Award M1 only if the integral has completely changed to one in u.

Note: du needed for final A1

OR

e =u—3

. . 1

Integral IS f mdu M1A1

Note: Award M1 only if the integral has completely changed to one in u.

1
= fu2—+22du M1A1

Note: In both solutions the two method marks are independent.

THEN

= %arctan(%) (+c) (A1)

M1



= %arctan(#) (+¢) A1

Total [7 marks]

Examiners report

Many good complete answers. Some did not realise it was arctan. Some had poor understanding of the method.

Consider the function defined by f(z) = z* — 32 + 4.

a. Determine the values of x for which f(a:) is a decreasing function. [4]

b. There is a point of inflexion, P, on the curve y = f(z). [3]

Find the coordinates of P.

Markscheme

a. attempt to differentiate f(z) = =3 — 32> +4 M1
f'(z) = 32> — 6z A1
= 3z(z —2)
(Critical values occurat)yx = 0, x =2 (A1)
so f decreasingonz €]0, 2[ (or0 <z <2) Af1

[4 marks]
b. f'(z) =6z —6 (A1)

setting f"(z) =0 M1
=sz=1

coordinate is (1, 2) A1
[3 marks]

Total [7 marks]

Examiners report

Y

b IN/A]

a. Show that sin (0 + %) = cos 6. 1]
b. Consider f(z) = sin(ax) where a is a constant. Prove by mathematical induction that £ (z) = a” sin (am + %) where n € Z" and [71

£ (z) represents the n'® derivative of f(z).



Markscheme

a. sin(G—l— g) = sinecos% —l—cosHsing M1

=cosf AG

Note: Accept a transformation/graphical based approach.

[1 mark]
b. considern =1, f'(z) = acos(az) M1
since sin (ax + %) = cos ax then the proposition is true forn =1 R1

assume that the proposition is true for n = k so f*) (z) = a* sin(am + kT”) M1

10 = (oo £)))

= aF*1sin (aac +8 %) (using part (a)) A7

k1
= ghtl sin(ax—i— ( ;)W> A1

given that the proposition is true for n = k then we have shown that the proposition is true for n = k + 1. Since we have shown that the
proposition is true for n = 1 then the proposition is true for all n € 7" Rt

Note: Award final R1 only if all prior M and R marks have been awarded.

[7 marks]
Total [8 marks]

Examiners report

A
b. [N/A]
a. Find the value of the integral foﬁ Va4 — z2dz . (71
b. Find the value of the integral f00'5 arcsin zdz . [5]
¢. Using the substitution t = tan 8, find the value of the integral 7

/% o
0 3cos? + sin26

Markscheme
a. letz =2sinf Ml

dzr =2cos6df Al

I= [,72cosf x 2cos6df (: 4 [* cos20d9) AlAl

Note: Award A1 for limits and A1 for expression.



=2 [;# (14 cos20)dd AI

- 2[0 n %sin%)} 141
0

=1+ % Al
[7 marks]
_ . 0.5 0.5 1
b. I = [zarcsinz])® — ) T X @dm MIAIAI

0.5

= [zarcsinz])® + [\/1 - x2} Al
0

- V3

= 1z + -5 = 1 Al
[5 marks]
c. dt = sec?0d [0, g] = 00,1] AlAD

dt

1 2
I= [y "2 MIAD

(1+t2)  (1+¢2)

1 dt
=)o 222 Al
—L[arcta.n(i)]1 Al
T3 Vv3/1lo
- T

6v3
[7 marks]

Examiners report

o INA]
b, IN/A]

C: IN/A]

The graph of the function f(z) = ;2111 is shown below.
y . . .
A(l, 1) point of inflexion
14
T T T T T T T T
—5 4 3 -2 1 1 2 3 4
_1-

The point (1, 1) is a point of inflexion. There are two other points of inflexion.

a. Find f/(z).

2



b. Hence find the z-coordinates of the points where the gradient of the graph of f is zero. 1]

c. Find f”(z) expressing your answer in the form %5, where p(z) is a polynomial of degree 3. [3]
Z

d. Find the z-coordinates of the other two points of inflexion. [4]

e. Find the area of the shaded region. Express your answer in the form Z — In v/b, where a and b are integers. [6]

Markscheme

a (@) f(z)= e (z ’”22”1> MIAl

(w2+1)2 (.'1224»1)2
[2 marks]
b 7z272z+1 _
' (x2+1)
r=-1++2 Al
[1 mark]
—22-2)(2? 2 z) (22 —22 2z
o f(e) = A B0 2D gy

(a2+1)"

Note: Award A1 for (—2z — 2) (mz + 1)2 or equivalent.

Note:  Award A for —2(2z) (z® + 1) (—® — 2z + 1) or equivalent.

- (72z72)(z2+1)74x(7m272w+1)
o (at2+1)3
_ 2z3+62w276z72 Al

(z*+1)

(_ 2(z*+322—32—1) )
= e )

(z2+1)
[3 marks]

d. recognition that (z — 1) is a factor  (R1)

(x—1) (2> +bx+c) = (2*+ 32 - 3x—-1) MI
=224+4z+1=0 Al
z=-2++3 Al

Note:  Allow long division / synthetic division.

[4 marks]

0 z+1
e. f_l mdx M1

+1 1
= %ln(m2 +1) + arctan(z) AIAI
0
= [%ln(mZ +1) + arctan(a:)} L= %ln 1+ arctan0 — %ln2 —arctan(—1) M1

=2-Inv2 Al
[6 marks]

Examiners report

IN/A]
" IN/A]
" N/A]
" IN/A]

o 0 T o



o, IN/A

Consider the complex number z = cos § + isin 6.

™

The region S is bounded by the curve y = sin zcos?z and the x-axis between z = 0 and z =

)

a. Use De Moivre’s theorem to show that 2" + 2™ = 2cosnf, n € Z".

b. Expand (z + z‘1)4.

c. Hence show that cos*d = pcos 40 + g cos 20 + r, where p, ¢ and  are constants to be determined.

d. Show that cos®0 = 3—12cos 660 + %cos 40 + %cos 20 + 1—56

e. Hence find the value of [;? cos®4de.
f.  Sis rotated through 27 radians about the x-axis. Find the value of the volume generated.

. . . . . 2k
g. (i) Write down an expression for the constant term in the expansion of (z + z’l) JkeZ".

(ii)) Hence determine an expression for foE cos?k0d0 in terms of k.

Markscheme

a. 2" + 27" = cosnb + isinnf + cos(—nb) + isin(—nb) Ml

= cosnbf + cosnb + isinnh — isinnf Al
=2cosnf AG
[2 marks]

14 1 1 1 1
b. (b) (z+2z71) =2*+42° (;>+6z2 (Z—2>+4z(z—3)—|—z—4 Al
Note:  Accept (2 + z*1)4 = 16cos6.

[1 mark]

c. METHOD 1
(z+21)" = (z4+ i4) +4(z2+z—12) +6 Ml
(2cos0)* =2cos46 + 8cos20+6 AlAI

Note: Award A1 for RHS, A1 for LHS, independent of the M1.

cost = %cos 40 + %cos 20 + % Al
1 1 3
(01’P= 4=, T= g)
METHOD 2
40 [ cos26+1 2
cos*f = — Ml
= %(005229 +2cos20+1) Al

- %(“’S‘;&“ 4 2cos20 + 1) Al

cosf = Lcos46 + %cos 20 + % Al

_ 1 _ 3
7q_§77'_§

|~ o

<orp:

(2]
(1]
(4]
(8]

(3]

(4
(3]



[4 marks]

.(z+z’1)6=z6+6z5(%>+15z4< >—|—20z ( )+15z (Z%)—i-ﬁz(zis)—i-ziﬁ Ml

(z4271)° = (zﬁ+z—16)+6<z4+z—14)+15 <z2+z—12) +20

(2cos0)® = 2cos 66 + 12cos 46 + 30cos 20 +20 AIAI
Note: Award A1 for RHS, A1 for LHS, independent of the M1.
cos®9 = %cos 660 + %cos 460 + é—‘;’cos 20 + % AG

Note:  Accept a purely trigonometric solution as for (c).

3 marks]
I 3 cosb0do = fo (ﬁcos 60 + —cos 46 + —cos 20 + ) do

T

:[msmﬁe—i— sm40+ sm20—|— 0_ MIAl

5
= 3—7; Al
[3 marks]

™
V= 71'f02 sin’zcostzdzr Ml

™ ™
= 7rf02 cos*zdx — 71'f02 cosbzdz M1
™
3 costedr = 3%
Jo? costzdr = & Al
_ 3x? _ 5n2 _ x
V=T~ m-m A

Note: Follow through from an incorrect 7 in (c¢) provided the final answer is positive.

- (i) constant term = <2kk> = (:,I;), EZC Al
(i) 2% [ cos?0d0 — Sy
2%
fog cos?*0df = 2253?(!;)2 or <2,Z )f Al
[3 marks]

Examiners report

a.

Part a) has appeared several times before, though with it again being a ‘show that’ question, some candidates still need to be more aware of the

need to show every step in their working, including the result that sin(—nf) = — sin(n#8).

. Part b) was usually answered correctly.

Part ¢) was again often answered correctly, though some candidates often less successfully utilised a trig-only approach rather than taking note

of part b).

. Part d) was a good source of marks for those who kept with the spirit of using complex numbers for this type of question. Some limited

attempts at trig-only solutions were seen, and correct solutions using this approach were extremely rare.

Part e) was well answered, though numerical slips were often common. A small number integrated sin nf as n cos nf.

A large number of candidates did not realise the help that part e) inevitably provided for part f). Some correctly expressed the volume as
[ costzdz — S/ cos®zdz and thus gained the first 2 marks but were able to progress no further. Only a small number of able candidates

were able to obtain the correct answer of g—;
IN/A]



8. Part g) proved to be a challenge for the vast majority, though it was pleasing to see some of the highest scoring candidates gain all 3 marks.

The graphs of f(z) = —z? + 2 and g(z) = 2 — 22 — bz + 2, b > 0, intersect and create two closed regions. Show that these two regions have

equal areas.

Markscheme

to find the points of intersection of the two curves

—2?+2=23—22—bx+2 MI

22 —br==x2(z?—-b) =0

=>z=0z=+Vb AlAl

A=l -2 et 2) - (~2®+2)]de (: I @® - ba:)d:c) Mi

z! bx?

-5,
__<¢_b<ﬁ>2>__b_2+g_§ Al

2 1
Ay = fO\/Z [(—2*+2) — (z® —2? —bz + 2)| dz M1

= [V (—a® + ba)da

Vb
_ 4 ba? _
=[] =% ar
therefore A; = Ay = % AG

[7 marks]

Examiners report

Most candidates knew how to tackle this question. The most common error was in giving +b and —b as the x-coordinates of the point of

intersection.



Consider the part of the curve 4% + y? = 4 shown in the diagram below.

. . dy .
(a) Find an expression for - in terms of x and y .
. . . 2 2
(b) Find the gradient of the tangent at the point (ﬁ’ %) .
(c) A bowl is formed by rotating this curve through 27 radians about the x-axis.

Calculate the volume of this bowl.

Markscheme

(@) 8z+2yL—0 MIAI

Note: Award M1A0 for 8x + 2y% =4.

dy 4z
== 5 A
(b)) -4 41

(¢) V = [my?dz or equivalent M1
V=rf (4—4z>)de Al

1
= ﬂ'|:437 — %mg] Al

0

8m

Note: If it is correct except for the omission of 7w , award 2 marks.

[8 marks]

Examiners report

The first part of this question was done well by many, the only concern being the number that did not simplify the result from — g—z. There were
many variations on the formula for the volume in part c), the most common error being a multiple of 27 rather than 7. On the whole this question

was done well by many.



The curve C with equation y = f(z) satisfies the differential equation

and y = e when x = 2.

a

b

C

d

. Find the equation of the tangent to C at the point (2, e).

. Find f(z).

. Determine the largest possible domain of f.

. Show that the equation f(z) = f'(x) has no solution.

Markscheme

dy_ e _
—==(2+2)=4e Al

at (2, e) the tangent line is y — e = 4e(z — 2)

hence y = 4dex — 7e Al

[3 marks]

b L= L(z+2) = Ldy=(z+2)dz MI

dz Iny

fthydy: [ (z+2)dz

M

using substitution v = Iny; du = %dy M1)(A1)

= flnTydy: fudu = %uz (Al)

(ny)® _ g2
= — =7+2m+c AlAl

(lne)2
at(2,0, 80 —61c Ml

Sc=-3 Al

2
Sl e B g = o1

2

Iny = +/22 + 4z — 11 = y = etVel+da—11

sincey > 1, f(z) = eV2+4e-11  RJ

Note: M1 for attempt to make y the subject.

[11 marks]

c. EITHER

2244 —-11>0 Al

using the quadratic formula M1

MIiAl

critical values are —4+VE0 (: -2+ 15) Al

2

using a sign diagram or algebraic solution

MI

(x+2),y>1,

E]
(1]
6]
(4]



z<—2—+15; > —-2++15 AIAI
OR

o’ +4z—11>0 Al

by methods of completing the square M1
(z+2)?>15 Al
=z4+2<—v15orz+2>+15 (M)
:c<—2—\/1_5; z>—-2++15 AlAl
[6 marks]

d f(z) = f'(z) = f(z) = Lo (z+2)  MI

= In(f(z)) = + 2 (:>33—0—2:\/w2+4x—11> Al
= (z+2)?2=2+4z-1l=2>+4z+4 =22 +4z— 11 Al
= 4 = —11, hence f(z) # f'(z) RIAG

[4 marks]

Examiners report

a. Nearly always correctly answered.
b. Most candidates separated the variables and attempted the integrals. Very few candidates made use of the condition y > 1, so losing 2 marks.
c. Part (c) was often well answered, sometimes with follow through.

d. Only the best candidates were successful on part (d).

Find the area enclosed by the curve y = arctan x , the x-axis and the line z = V3.

Markscheme

METHOD 1

V3
area = [ arctanxzdx Al
0

attempting to integrate by parts M1

3
:[warctanx}ff Of:nH—lzgdx AIAl

V3
=[z arctan:r:}(‘]/3 — Bln(l + .1:2)} Al
0
Note: Award A1 even if limits are absent.
=2 _lina a1
V32

(: 7r3—3 —ln2)

METHOD 2

™3
area = 3

(=Lt

tanydy MIA1AI



= WT\/E + [Infcosyl]§ MIA1
T3 1 V3

[6 marks]

Examiners report

Many candidates were able to write down the correct expression for the required area, although in some cases with incorrect integration limits.
However, very few managed to achieve any further marks due to a number of misconceptions, in particular arctan z = cot z = Z==. Candidates
who realised they should use integration by parts were in general very successful in answering this question. It was pleasing to see a few

alternative correct approaches to this question.

A curve has equation 3z — 2y%e® ! = 2.

d
a. Find an expression for % in terms of x and y. [5]

b. Find the equations of the tangents to this curve at the points where the curve intersects the line x = 1. [4]

Markscheme

a. attempt to differentiate implicity M1

3— (4yj—z + 2y2) e” 1 =0 A1A1A1

Note: Award A1 for correctly differentiating each term.

dy 3eel ®—2y?

TRl A1

Note: This final answer may be expressed in a number of different ways.

[5 marks]
b. 3*2y2:2¢y2:§:>y:i\/g A1

1
dy _ 3—2e5 -1

=
at (1, \/%) the tangent is y — \/g = g(a: —1)and A1
at (1, - ﬁ) the tangent is y + \/g = fg(:c -1) A1

Note: These equations simplify to y = ﬂ:gw.

M1

S



Note: Award AOM1A1AQO if just the positive value of y is considered and just one tangent is found.

[4 marks]

Examiners report

o INVA]
b, IN/A]

A curve has equation arctan z? + arctan y? = %.

(a) Find % in terms of x and y.

(b) Find the gradient of the curve at the point where = % and y < 0.

Markscheme

(a) METHOD 1

2z 2y dy

ot oo =0 MIAlAl

Note: Award M1 for implicit differentiation, 41 for LHS and A1 for RHS.

dy z(1+y?) 7
dz Tyt
METHOD 2

y? = tan(% — arctan zz)
T 2
tan than(amctauw )

= M1
1+(tan %)(tan(arctan z2)) M)

1-22
= 1+a2 Al

dy 72w(1+x2)72w(17:c2)

2ya = —W M1
dy —4z

Y& = (1+z?)

dy 2%

dz y(1+w2)2 Al

_ 2V 1+a?

[4 marks]

b)) 3= tan(% — arctan %) M1)

2

= (M1)

1+ (tan %) (tan <arctan %))

tan %7tan (arctan l)

Note: The two M1Is may be awarded for working in part (a).

1
=3 Al
2
=—1 A1
V=75

o d
substitution into %
46

=— Al



8v3
Note: Accept A etc.

[5 marks]

Total [9 marks]

Examiners report

[N/A]

Let 2%y = asinnz . Using implicit differentiation, show that

d? d
;1:3d—;; + 6:122% + (n*z® +6)zy =0

Markscheme

z3y = asinnz

attempt to differentiate implicitly M1

= 3x%y + x3% =ancosnx A2

Note: Award A1 for two out of three correct, 40 otherwise.

d d a2 .
= 6zy + 31:2% + 3af:2d—z + m3d—:§ = —an’sinnz A2

Note: Award A1 for three or four out of five correct, A0 otherwise.

2 sinnx

2
= 6zy + 63:2:—2 + x3—g;§ = —an
2
= m3% + 63:2% +6zy +nlziy=0 Al

2
= w3j—z‘1§= + GmZ% + (n*z? +6)zy=0 AG
[6 marks]

Examiners report

Candidates who are comfortable using implicit differentiation found this to be a fairly straightforward question and were able to answer it in just a

few lines. Many candidates, however, were unable to differentiate 3y with respect to x and were therefore unable to proceed. Candidates whose

asinnz
T

first step was to write y = ——— were given no credit since the question required the use of implicit differentiation.

Lety = e sinz.

Consider the function f defined by f(z) = e”sinz, 0 < z < .

(12,1/

da2

(1+(;‘—Z)2>

The curvature at any point (z, y) on a graph is defined as kK =

e



. . d
a. Find an expression for d—z.

d2
b. Show that d—xZ = 2e* cos .

3m

c. Show that the function f has a local maximum value when z = T

d. Find the z-coordinate of the point of inflexion of the graph of f.
e. Sketch the graph of f, clearly indicating the position of the local maximum point, the point of inflexion and the axes intercepts.

f. Find the area of the region enclosed by the graph of f and the z-axis.

da2

_ .
2\ 7

<1+(j—i) )

g. Find the value of the curvature of the graph of f at the local maximum point.

The curvature at any point (z, y) on a graph is defined as kK =

h. Find the value k for x = g and comment on its meaning with respect to the shape of the graph.

Markscheme

d . .

a. d—Z =e"sinz + e cosz (= e*(sinz + cosz)) MI1AT
[2 marks]
d? . .

b. ﬁ = e”(sinz + cosz) + e*(cosz — sinz) M1A1

=2ecosxz AG

[2 marks]
d; 3 .

c. d—‘Z =e1 (sm%7T +COS%> =0 R1
@’ 3
d—;’z’:2e4 cos‘%’r <0 R1
hence maximum at x = %TW AG
[2 marks]
d%y

d 57 =0=2e"cosz =0 M1

X

=z=75 Al

Note: Award M1AO if extra zeros are seen.

[2 marks]

(2]

2]

2]

2]

(8]

6]

(3]

2



Max
'\\\
.\
Poi/ \
i \
I|II
__/'/ X I|
x in s
2 4

correct shape and correct domain A1
3T . . . ™
max at x = - point of inflexionat z = 5 A1

zerosatx =0andx =7 A1

Note: Penalize incorrect domain with first A mark; allow FT from (d) on extra points of inflexion.

[3 marks]
f. EITHER
J; e"sinzdz = [e"sinz]] — [ e" coszdz M1AT
[, e*sinzdz = [e® sinz]] — ([e” cosz]? + [ e*sinzdz) A1
OR
fow e’ sinzdz = [—e” cos zj + fow e’ coszdr M1A1
fow e”sinzdz = [—e” cosz; + ([e” sinz|] — foﬂ e”sinzdz) A1
THEN

foﬂ e?sinzdz = %([ez sinz]? — [e? cosz]7) M1A1
1
2

fow e’sinzdr = 5(e* +1) Af1
[6 marks]

d;
9 =0 (A1)

a2 il i
d—mZ = 2e71 cos?’T7r = —/2eT (A1)
3
‘_ﬁeT 3
K=—7— =127 Al
[3 marks]
h. k=0 A1

the graph is approximated by a straight line R1
[2 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]
" IN/A]

® o0 TP



¢ INA]
INA]
h IN/A]

The diagram below shows a circular lake with centre O, diameter AB and radius 2 km.

Jorg needs to get from A to B as quickly as possible. He considers rowing to point P and then walking to point B. He can row at 3 kmh ™' and

walk at 6 kmh ', Let PAB = 6 radians, and 7 be the time in hours taken by Jorg to travel from A to B.

a. Show thatt = %(2 cosd + 6). (3]
b. Find the value of 8 for which % =0. [2]
¢. What route should Jorg take to travel from A to B in the least amount of time? [3]

Give reasons for your answer.

Markscheme

a. angle APB is a right angle

= cosf = A4—P = AP =4cosf Al

Note: Allow correct use of cosine rule.

arcPB=2x20=460 Al

AP PB
t:T+T M1

Note: Allow use of their AP and their PB for the M1.

4 cosf 46 4cosf 20 2
ét:%—i—?:%—i-?:g@cos@—i—@) AG

[3 marks]
b. & =2(-2sin+1) Al

2(~2sin6+1) =0=sinf = = 0 = T (or 30 degrees) Al



[2 marks]

2

c. %é:f§0059<0 (atOz%) Ml

= tismaximizedat0 = ¢RI
time needed to walk along arc AB is 2% ( = 1 hour)
time needed to row from A to B is ( ~ 1.33 hour)

hence, time is minimized in walking from Ato BRI

[3 marks]

Examiners report

a. The fairly easy trigonometry challenged a large number of candidates.
b. Part (b) was very well done.
c. Satisfactory answers were very rarely seen for (c). Very few candidates realised that a minimum can occur at the beginning or end of an

interval.

( f(z+h’);f(w) ) 4]

a. Using the definition of a derivative as f'(z) = lim , show that the derivative of 5—

is ——.
z+1 ™7 (2z41)>

h—0
b. Prove by induction that the n'® derivative of (2z + 1) ! is (—1)" ﬁr 9
T

Markscheme

a. let f(z) = 1+ and using the result f'(z) = lim

lim ( fle+h)—f(=) )

h
1 1

f'(@) = lim LWL M14l

T [2z+1]—[2(z+h)+1]
= f (a:) - }lgm( h[2(z+h)+1][2z+1]

-2
= f,( ) - hm([z z+h +1][2x+1]) Al
= f(z) = —=—

)AI

(2z+1)
[4 marks]
1
b. let Yy = 21
we want to prove that —-¥ = =(-1" T 2“”'
A
2 _ /1y 2t

dy -2 . .

& = Gari) which is the same result as part (a)
hence the result is true forn =1 RI

. _gdy o e ohm
assume the result is true forn = k: ¢ = (-1) Zarn) MI
T

d’”ly _d ko okl
dzF1 — dz [(_1 _k_i'(2 1) M1

akt d k —k-1
e [(—1) 2 kl(2z + 1) } Al

k+1
= St = (F)RME(—k— )2z + 1) 2 x 2 Al

k+1
= To¥ = (1 DN (2e 1) (4D




k-
= dk+1y _ (_1)k+12 +1(k+1)! 1
dzk+1 (2x+1)k+2

hence if the result is true forn = k, itistrue forn = k + 1
since the result is true for n = 1, the result is proved by mathematical induction RI
Note: Only award final R1 if all the M marks have been gained.

[9 marks]

Examiners report

a. Even though the definition of the derivative was given in the question, solutions to (a) were often disappointing with algebraic errors fairly
common, usually due to brackets being omitted or manipulated incorrectly. Solutions to the proof by induction in (b) were often poor. Many
candidates fail to understand that they have to assume that the result is true for n = k and then show that this leads to it being true for
n = k + 1. Many candidates just write ‘Let n = &’ which is of course meaningless. The conclusion is often of the form ‘True for
n =1, n = kand n = k + 1 therefore true by induction’. Credit is only given for a conclusion which includes a statement such as ‘True for
n=k=trueforn=~k+1".

b. Even though the definition of the derivative was given in the question, solutions to (a) were often disappointing with algebraic errors fairly
common, usually due to brackets being omitted or manipulated incorrectly. Solutions to the proof by induction in (b) were often poor. Many
candidates fail to understand that they have to assume that the result is true for n = k and then show that this leads to it being true for
n = k + 1. Many candidates just write ‘Let n = k” which is of course meaningless. The conclusion is often of the form ‘True for
n =1, n = kand n = k 4 1 therefore true by induction’. Credit is only given for a conclusion which includes a statement such as ‘True for

n=k=trueforn=~k+1".

Calculate the exact value of fle 2?2 lnzdz .

Markscheme

Recognition of integration by parts M1

Jz?Inzdz = [%lnx} — ’”3—3 X %dx AlAl

$3 1'2
= {?lnw} ff?dm

3 3
_ [%mm _ %} Al

o
9

= fle z?lnzdz = (% —

w
—
\
~~
o
\
o~
—
~—
Il
[ )
mw
®’+
—
N——
N
~

[5 marks]

Examiners report

Most candidates recognised that a method of integration by parts was appropriate for this question. However, although a good number of correct
answers were seen, a number of candidates made algebraic errors in the process. A number of students were also unable to correctly substitute the

limits.



The function f'is defined by

1— 2z, z<2

a. Determine whether or not fis continuous. [2]
b. The graph of the function g is obtained by applying the following transformations to the graph of f: [4]
a reflection in the y—axis followed by a translation by the vector <§ > .

Find g(z).

Markscheme

a. 1-2(2)=-3and3(2-2)>-3=-3 4I

both answers are the same, hence fis continuous (at x = 2) RI
Note: RI may be awarded for justification using a graph or referring to limits. Do not award A0R1.

[2 marks]

b. reflection in the y-axis

Note: Award M1 for evidence of reflecting a graph in y-axis.

translation
0

233_37 .’l}>0
= - MI)AIAL

Note: Award (M1) for attempting to substitute (z — 2) for X, or translating a graph along positive x-axis.

Award A1 for the correct domains (this mark can be awarded independent of the M1).

Award A1 for the correct expressions.

[4 marks]

Examiners report

o INVA]
b, IN/A]

The function /s defined, for —% < x < 4 , by f(z) = 2cosz + zsinz .

a. Determine whether fis even, odd or neither even nor odd. [3]



b. Show that f”(0) =0. (2]
c. John states that, because f”(0) = 0, the graph of f'has a point of inflexion at the point (0, 2) . Explain briefly whether John’s statement is  [2]

correct or not.

Markscheme
a. f(—z)=2cos(—z) + (—z)sin(—z) Ml

=2cosz+zsinz (= f(z)) Al

therefore fis even A1

[3 marks]
b. f'(z) = —2sinz +sinz + zcosz (= —sinz +zcosz) Al
f"(z) = —cosz +cosz —zsinz (= —zsinz) Al

so f'(0) =0 AG

[2 marks]
c. John’s statement is incorrect because
either; there is a stationary point at (0, 2) and since f'is an even function and therefore symmetrical about the y-axis it must be a maximum or a
minimum
or; f"(z) is even and therefore has the same sign either side of (0,2) R2

[2 marks]

Examiners report

o INVA]
b, IN/A]

o, IVA]

A window is made in the shape of a rectangle with a semicircle of radius 7 metres on top, as shown in the diagram. The perimeter of the window is a

constant P metres.



a.i. Find the area of the window in terms of P and r. [4]
a.ii.Find the width of the window in terms of P when the area is a maximum, justifying that this is a maximum. [5]

b. Show that in this case the height of the rectangle is equal to the radius of the semicircle. [2]

Markscheme

a.i.the width of the rectangle is 2r and let the height of the rectangle be h

P=2r+2h+mnr (A1)

A=2h+ T (AY)

P—2r—mnr

h= 5

A= 2T(P‘2;"”) + ”T’Z (: Pr—2r? - “TTZ) M1A1

[4 marks]
a.ii.‘il—A =P—-4r—ar A1
T
dA
T = 0 M1

P
Sr=1= (A1)

hence the width is 42—P A1l
+7

—=-4—-—7<0 R1

hence maximum AG

[5 marks]
b. EITHER
P-2r—nr
h = 5
_2P _ Pr
Tin  dinm
h = 3 M1
_ 4P47P-2P—7P

p
h = @ =7 AG



OR

P—2r—mnr
2

h:

P=r(4+m) M1

r(4+m)—2r—mr

Y

4r+mr—2r—mar
p = Zrtmr—2romr

5 =r AG

[2 marks]

Examiners report

ai VA
ailNVA
o INA

A tranquilizer is injected into a muscle from which it enters the bloodstream.

2t

The concentration C'in mgl’l, of tranquilizer in the bloodstream can be modelled by the function C’(t) = 3

t > 0 where t is the number of

minutes after the injection.

Find the maximum concentration of tranquilizer in the bloodstream.

Markscheme

use of the quotient rule or the product rule M1

rrpy  (3HE7)x2-2tx2t 628 2 4t
¢ = (3+2)° T wer) O wE T Gy AN

Note: Award A1 for a correct numerator and A7 for a correct denominator in the quotient rule, and A1 for each correct term in the product rule.

attempting to solve C'(t) =0 fort (M1)
t = 4+4/3 (minutes) A7
C (\/g) = ? (mgFl) or equivalent. A1

[6 marks]

Examiners report

This question was generally well done. A significant number of candidates did not calculate the maximum value of C.

a. Show that cot a = tan(% - a) for0 < a < 3. [
. ta 1
b. Hence find [/ =dz, 0<a< 5 [4]



Markscheme

a. EITHER

use of a diagram and trig ratios

€9,
A
U E_a 0
“ [
A
tana = % = cota = %

from diagram, tan(% — a) = % R1

OR
sin( = —a
use of tan(% — oz) = (2—) =8¢ Ry
7, sin «
COS(?*Q)
THEN

cota = tan(% — a) AG

[1 mark]

cota 1 _ cot a
b. fina T 297 = [arctan z]{ (A1)

Note: Limits (or absence of such) may be ignored at this stage.

= arctan(cot @) — arctan(tanca) (M1)

™

=5 —a—a (A1)
= % —2a A1
[4 marks]

Examiners report

a. This was generally well done.

b. This was generally well done. Some weaker candidates tried to solve part (b) through use of a substitution, though the standard result arctan

was well known. A small number used arctan x + ¢ and went on to obtain an incorrect final answer.

Given that ffz f(z)dz =10 and f02 f(z)dz =12, find

a. [°(f(z) +2)da. [4]



b. [% f(z+2)da. [2]

Markscheme

a [%f(z)dz=10—12=—2 (M1)(AT)
[%2de = [22]", =4 A1
IS (f(@) +2)dz=2 A1
[4 marks]

b. [ f(e+2)de= [’ f(z)dz (M1)

=12 At

[2 marks]

Examiners report

o INVA]
b, IN/A]

dz
1+sin’z

By using the substitution ¢ = tan z, find f

Express your answer in the form m arctan(n tan a:) + ¢, where m, n are constants to be determined.

Markscheme

EITHER

T = arctant (M1)
dx 1

T~ e Al
OR
t =tanx

dt 2
T = sec’w (M1)

=1+ tan?z A1
=1+¢
THEN

t
1+t

sinx =

(A1)

Note: This A1 is independent of the first two marks

dz 1+42
f Tsi’z f ;. MiA1
1+< :

Note: Award M1 for attempting to obtain integral in terms of ¢ and dt¢



_ dt _ dt
- f (1+83)+¢2 f 1+2¢2 A1

1 dt 1 1
= Ef T =73 X Tarctan I A1l
Ehad 7z

v

|~

il

I

= garctan(\/ﬁ tan 1‘) (+¢) At

[8 marks]

Examiners report

IN/A]

Find the equation of the normal to the curve 5zy? — 222 = 18 at the point (1, 2) .

Markscheme

5y? + 102yl —do =0  AlAlAL

Note: Award A1A1 for correct differentiation of 5xy?.

A1 for correct differentiation of —2z% and 18.

At the point (1, 2),20 + 2052 —4 =0

dy 4
=>4 =3 (A1)

Gradient of normal = % Al

Equation of normal y — 2 = %(m -1 Mi

y=12z+3 (4y=52+3) Al
[7 marks]

Examiners report

It was pleasing to see that a significant number of candidates understood that implicit differentiation was required and that they were able to make
a reasonable attempt at this. A small number of candidates tried to make the equation explicit. This method will work, but most candidates who

attempted this made either arithmetic or algebraic errors, which stopped them from gaining the correct answer.

Inz

Consider the function f(z) = ==, > 0.

The sketch below shows the graph of y = f(z) and its tangent at a point A.



y diagram not to scale

Show that f'(z) = 1;1;””

. Find the coordinates of B, at which the curve reaches its maximum value.

Find the coordinates of C, the point of inflexion on the curve.

. The graph of y = f(x) crosses the z-axis at the point A.

Find the equation of the tangent to the graph of f at the point A.

The graph of y = f(z) crosses the z-axis at the point A.

Find the area enclosed by the curve y = f(x), the tangent at A, and the line x = e.

Markscheme

a.

b.

C.

ZX%—lnz

fl@) = —S— MIAl

1-lnz
= AG
[2 marks]
1—11;1:; =0 has solutionx =e MIAI
y=1+ Al
hence maximum at the point (e, %)
[3 marks]

2(~1)—22(1-Ina)

f'(z) = w()z# MIAI

2Inz—3

23

Note: The M1AI should be awarded if the correct working appears in part (b).

point of inflexion where f"(z) =0 M1
3

-3
soxr =e2, y= %eT AlAl

3 -3
. Z 3 =
C has coordinates (ez, 5€7 )

[5 marks]
. f(y=0 Al
ffA)=1 1

y=z+c (Ml

2
[l
(5]
(4]

(7]



through (1, 0)
equationisy=z —1 Al
[4 marks]

e. METHOD 1

area = fle z—1— h‘dem MI1AIAl

Note: Award M1 for integration of difference between line and curve, A1 for correct limits, A1 for correct expressions in either order.

[ gy = (h””) (+c) (MDAI
J(z—1)de =% —z(+c) Al
= [2:1: —z— %(lnm)z]
o)
=12 e Al

2
METHOD 2

area = area of triangle — [° 1“T””dm MIiAl
Note: A1 is for correct integral with limits and is dependent on the M1.

[Rrde = 02 (L) Mpal

area oftriangle = %(e —1)(e—1) MIiAl
%(e —1)(e—1)— (%) = %ez —e Al
[7 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

oo

® a0

The region enclosed between the curves y = +/ze® and y = e+/z is rotated through 27 about the x-axis. Find the volume of the solid obtained.

Markscheme

Vzet =ex=x=0o0rl (41)
attempt to find [y*de M1
Wi = 7rf01 e’zdz

1221
:ﬂ[—em]
2 0

2

= % Al
Vo= ﬂfol ze?®dx

_7r<[ } S 2zdx) MIAl

Note: Award M1 for attempt to integrate by parts.



_ me 12!
=5 w[ze x]o
finding difference of volumes M1

volume=V; — Vs

1 1
= 7T|:—e 1‘:|
0

_ 1 2

[7 marks]

Examiners report

While only a minority of candidates achieved full marks in this question, many candidates made good attempts. Quite a few candidates obtained
the limits correctly and many realized a square was needed in the integral, though a number of them subtracted then squared rather than squaring
and then subtracting. There was evidence that quite a few knew about integration by parts. One common mistake was to have 27, rather than 7 in

the integral.

The curve C'is given by y = 722, forz > 0.

2 2

a. Show that 52 — @s—e’sine 4 > () [4]
T (z+cosz)
b. Find the equation of the tangent to C at the point (% , 0). [3]

Markscheme

a j—y _ (z+cos ) (cos z—z sin a:);z cosz(l—sinz) MIAIAL
z (z+cosx)

Note: Award M1 for attempt at differentiation of a quotient and a product condoning sign errors in the quotient formula and the trig

differentiations, 41 for correct derivative of “u”, A1 for correct derivative of “v”.

__ xcos z+cos’z—z’sinz—z coszsinz—z cosztzcoszsing Al

(z+cos z)z

_ cos’z—a’sinz AG

(z+cos )
[4 marks]

b. the derivative has value -1  (41)
the equation of the tangent line is (y — 0) = (—1) (a: - g) (y =3 - ac) MIiAl

[3 marks]

Examiners report



a. The majority of candidates earned significant marks on this question. The product rule and the quotient rule were usually correctly applied, but
a few candidates made an error in differentiating the denominator, obtaining — sin z rather than 1 — sin . A disappointing number of
candidates failed to calculate the correct gradient at the specified point.

b. The majority of candidates earned significant marks on this question. The product rule and the quotient rule were usually correctly applied, but
a few candidates made an error in differentiating the denominator, obtaining — sin x rather than 1 — sin . A disappointing number of

candidates failed to calculate the correct gradient at the specified point.

a. Find [ (1 + tan’z)dz. 2]

b. Find [sin’zdz. (3]

Markscheme

a. [(1+ tan’z)dz = [sec’zdz = tanz(+c) MIAT
[2 marks]
b. fsin2acdx = f@dx M1A1

T sin 2z

=5 ——(+c) A1

Note: Allow integration by parts followed by trig identity.
Award M1 for parts, A1 for trig identity, A7 final answer.
[3 marks]

Total [5 marks]

Examiners report

a. Some correct answers but too many candidates had a poor approach and did not use the trig identity.

b. Same as (a).

e
ﬁda:.

By using the substitution v = 1 + /z, find [ "

Markscheme

du _ 1
dz 2%

dz =2(u— 1)du

A1

Note: Award the A1 for any correct relationship between dz and du.



VE (u-1)*
fmdx =2[——du (M1)A1

Note: Award the M1 for an attempt at substitution resulting in an integral only involving « .
=2[u—2+du (A1)

=u? —4u+2Inu(+C) A1

=z—2y/z—-3+2In(1+z)(+C) A1

Note: Award the A1 for a correct expression in x, but not necessarily fully expanded/simplified.

[6 marks]

Examiners report

Many candidates worked through this question successfully. A significant minority either made algebraic mistakes with the substitution or tried to work

with an integral involving both  and w.

Lety = sin?f, 0 < O < .

. dy
a. Find 45 2]
b. Hence find the values of 8 for which % = 2y. [5]
Markscheme

a. attempt at chain rule or product rule  (M1)

d .
d—z = 2sinfcosf At
[2 marks]

b. 2sinfcosf = 2sin’6

sind=0 (A1)
6=0,v A1

obtaining cosf =sin@  (M1)
tan6=1 (M1)

6=7 A1

[5 marks]

Examiners report

IN/A]

b" IN/A]



A particle moves along a straight line. Its displacement, s metres, at time ¢ seconds is given by s = t + cos 2¢, ¢t > 0. The first two times when the

particle is at rest are denoted by £; and ta2, where {1 < ta.

a. Find t; and to.

b. Find the displacement of the particle whent = ¢;

Markscheme

a. s=1t+cos2t

& =1-2sin2t MIAT

=0 M1

:>sin2t:%

t1 = 12(s), ta = 22(s) A1A1

Note: Award AOAO if answers are given in degrees.

[5 marks]

™ ™ K \/g
b. s =15 +cos¢ (s:ﬁJrT(m)) A1A1

[2 marks]

Examiners report

IN/A]
" IN/A]

a
b

22+1)°

S s

1
a Using the substitution z = tan 6 show that f (;dx =
0

1
b-Hence find the value of [ —— dz
o (@%+1)

Markscheme

a. letz = tan@
de 2
= 35 = sec 6 (A1)

sec?
=[———d§ M1
T f (tan20+1)2

1
f (z2+1)° d

Note: The method mark is for an attempt to substitute for both x and dzx.

o1 .
= [ —d6 (or equivalent) A1

cos?6dé.

(5]

2

(4]

(3]



whenm:O,Q:Oandwhenmzl,ezg M1

cos?0dd AG

SL N

[4 marks]

0 (.Z‘2+1)2

1 I 1
b. (f ! dz= fc0520d9> :%f (1 4+ cos20)do m1
0

0
1 sin 26 %
= glo+ 2T a1
T 1
=3 + y Al
[3 marks]

Examiners report

o INA]
b, IN/A]

dz

zlnz”

2
Use the substitution © = In x to find the value of f:

Markscheme

METHOD 1

[ -2 — ) Mpa1

e zlhz

=In(Ine’) — In(lne) (=In2-1nl) (A7)

=1ln2 A1

[4 marks]

METHOD 2

u=Ing, Cdl—;‘ = % M1
2 d

= [ % Al

Note: Condone absent or incorrect limits here.
= [Inu)? orequivalentin z(=In2 —In1) (A1)

=In2 A1

[4 marks]

Examiners report

[N/A]

1 1+4cosz

a. Use the identity cos 260 = 2co0s?6 — 1 to prove that cos = = 5 0<z <

2

2]



. .. . . 1
b. Find a similar expression for sin 3%, 0<z<m

c. Hence find the value of f03 (\/1 + cosz + V1 — cosz) d.

Markscheme

1
a. cosx = 2cos25:c -1

1+4cosz

5 Ml

1
coS 5 = +

positiveas 0 < z <7 RI

1 1+4cosz
COs S = 5 AG
[2 marks]
b. cos20 =1 — 2sin’0 (MI)
sin %w = 17620” Al
[2 marks]

c. ﬂfoi cos %1‘ + sin %xdz Al
= V2|2sin jo —2cos ja| Al
=+2(0) —v2(0—2) Al

=22 Al
[4 marks]

Examiners report

o INVA]
b, IN/A]

C: IN/A]

Paint is poured into a tray where it forms a circular pool with a uniform thickness of 0.5 cm. If the paint is poured at a constant rate of 4 cm3s™~

find the rate of increase of the radius of the circle when the radius is 20 cm.

Markscheme

V=052 (41)

EITHER

Y —qr Al
dr

v _

G =4 A

applying chain rule M1
for example % = % X j—(/
OR

dv __ dr

av _

T =4 A

THEN

dr _ 1
d—yx L Al

(2]
(4]



4
when r = 20, % 0%

Note: Allow / instead of 0.5 up until the final A1.

[6 marks]

= 1 or = (cms™?)

5t

Examiners report

Al

There was a large variety of methods used in this question, with most candidates choosing to implicitly differentiate the expression for volume in

terms of .

Consider two functions f and g and their derivatives f’ and g'. The following table shows the values for the two functions and their derivatives at

r=1,2and3.

x 1 3
f(x) 3 1
f(x) 1 2
g(x) 4
g'(x) 4 3

Given that p(z) = f(x)g(z) and h(z) = go f(z), find

Markscheme

a p'(3) = f'(3)9(3) +9'(3)f(3) M)

Note: Award M1 if the derivative is in terms of x or 3.

=2x4+3x1
=11 At

[2 marks]

b. W(z) =g' (f(z)) f'(z)

W(2) = ¢ (1)f(2)
=4x4

=16 A1

[4 marks]

Total [6 marks]

A1

(M1)(A1)

2]

(4]



Examiners report

a. This was a problem question for many candidates. Some quite strong candidates, on the evidence of their performance on other questions, did not

realise that ‘composite functions’ and ‘functions of a function’ were the same thing, and therefore that the chain rule applied.

b. This was a problem question for many candidates. Some quite strong candidates, on the evidence of their performance on other questions, did not

realise that ‘composite functions’ and ‘functions of a function’ were the same thing, and therefore that the chain rule applied.

In(z)

The region bounded by the curve y = —— and the lines x = 1, x = e, y = 0 is rotated through 27 radians about the x-axis.

Find the volume of the solid generated.

Markscheme

METHOD 1

Venrf (1“7“”)2dx MI

Integrating by parts:

d 1
u=(lnz)’ = = (MD)
du _ 2Inz _ 1
&= 2z V=%

_ [ _ (o)’ Inz
=V=n — +2fw2da: Al

dv 1
u=lnz, ;== = M1)
du _ 1 _ 1
T - VT 77
1 1 1 1 1
[Fde=-F+ [Hde=-TF -2 Al
V= (ln;r)2 Inz 1 ¢
™ t2{(-% 3
1
—o2r— 2 4l
e
[6 marks]
METHOD 2

2
e (Inz
Letlhz =u =z =¢€", % =du M)
2
f (thz) dz = fZ—Zdu = [e'uldu=—e "u?+2 [e “udu Al
= —e % +2 (—e’“u + fe’“du) = —e %2 — 2e %y — 27

=—eY(u+2u+2) Al

Whenx=¢e,u=1. Whenx=1,u=0.



. Volume = 7[—e “(u? + 2u + 2)](1] Ml
= n(~5e! +2) (: o — 5—") Al

[6 marks]

Examiners report

Only the best candidates were able to make significant progress with this question. It was disappointing to see that many candidates could not

Inz

state that the formula for the required volume was 7 fle ( m

appropriate substitution.

Consider the curve y = ﬁ, zeR, xz#1.

. dy
a. Find e

b. Determine the equation of the normal to the curve at the point x = 3 in the form az + by + ¢ = 0 where a, b, ¢ € Z.

Markscheme

a ¥ _(1_g)? (_ 11)2) (M1)A1

(1-

[2 marks]

b. gradient of Tangent = % (A1)

gradient of Normal = —4  (M1)

Y+ % = —4(z — 3) orattempttofindciny =mz +c M1
8r+2y—23=0 A1

[4 marks]

Total [6 marks]

Examiners report

o INA]
b IN/A]
The function f is given by f(z) = ze™* (z > 0).

a()d) Find an expression for f'(z).

(ii)  Hence determine the coordinates of the point A, where f'(z) = 0.

b. Find an expression for f”(z) and hence show the point A is a maximum.

2
) dz . Of those who could, very few either attempted integration by parts or used an

2]

(4]

(3]

(8]



c. Find the coordinates of B, the point of inflexion. [2]

d. The graph of the function g is obtained from the graph of f by stretching it in the x-direction by a scale factor 2. (5]

(i) Write down an expression for g(z).
(i)  State the coordinates of the maximum C of g.

(iil)  Determine the x-coordinates of D and E, the two points where f(z) = g(z).

e. Sketch the graphs of y = f(z) and y = g(z) on the same axes, showing clearly the points A, B, C, D and E. [4]

f. Find an exact value for the area of the region bounded by the curve y = g(z), the x-axis and the line z = 1. [3]

Markscheme

@) f'(z)=e® —ze® MIAI
i) flz)=0=z=1
coordinates (1, e ) Al
[3 marks]
b. f'(z)=—e"—e*+ze® (=—e*2—2)) Al
substituting z = 1into f"(z) MI
f"(1) (= —e™') < 0hence maximum RIAG
[3 marks]
c. f'lz)=0(=2=2) Ml

coordinates (2, 2¢72) A1
[2 marks]
d () g(z)=2e7 Al

(ii) coordinates of maximum (2, e_l) Al

(ii)) equating f(z) = g(z) and attempting to solve ze™* = Fe

. (2e§ — e”‘) —0 D

wls

=x=0 Al
or2e%=ez
$e§:2

=z=2In2 (In4) AI

Note: Award first (41) only if factorisation seen or if two correct

solutions are seen.

e. f\_"ﬁ




Note: Award A1 for shape of f, including domain extending beyond z = 2.
Ignore any graph shown for z < 0.
Award A1 for A and B correctly identified.
Award A1 for shape of g, including domain extending beyond z = 2.
Ignore any graph shown for < 0. Allow follow through from f.
Award A1 for C, D and E correctly identified (D and E are interchangeable).

T

Note: Condone absence of limits or incorrect limits.

[3 marks]

Examiners report

a(i)[®Part a) proved to be an easy start for the vast majority of candidates.
b. Full marks for part b) were again likewise seen, though a small number shied away from considering the sign of their second derivative,

despite the question asking them to do so.
Part ¢) again proved to be an easily earned 2 marks.

c. Full marks for part b) were again likewise seen, though a small number shied away from considering the sign of their second derivative,

despite the question asking them to do so.

Part ¢) again proved to be an easily earned 2 marks.

—2z ze !

d. Many candidates lost their way in part d). A variety of possibilities for g(z) were suggested, commonly 2ze™*%, £5— or similar variations.
Despite section ii) being worth only one mark, (and ‘state’ being present in the question), many laborious attempts at further differentiation
were seen. Part diii was usually answered well by those who gave the correct function for g(x).

e. Part e) was also answered well by those who had earned full marks up to that point.

f.  While the integration by parts technique was clearly understood, it was somewhat surprising how many careless slips were seen in this part of

the question. Only a minority gained full marks for part f).

Iff(x)z:c—3:c§,a:>0,

(a) find the x-coordinate of the point P where f'(z) =0

(b) determine whether P is a maximum or minimum point.

Markscheme



él_%:0$$é22$$:8 Al

3

b f'(z)=-2 Al

3z3

f"(8) > 0= at z =8, f(z) has a minimum. MIAI

[5 marks]

Examiners report

Most candidates were able to correctly differentiate the function and find the point where f'(z) = 0 . They were less successful in determining the

nature of the point.

The normal to the curve ze ¥ + e¥ = 1 + z, at the point (c, In ¢), has a y-intercept c? + 1.

Determine the value of c.

Markscheme

EITHER
differentiating implicitly:
- —ydy dy
I1xeV—ze ¥+ =1 MIAI

at the point (¢, In ¢)

1 1 dy dy
?_CXZE_._CE:]. Ml
d

T=1 (c#1) D

OR

reasonable attempt to make expression explicit (M)
zeV+el=1+z

z+e¥ =e'(l+z)

e —e¥(l+z)+z=0

(e —1)(e¥—z)=0 (A1)

V=1 e'=z

y=0,y=Inx Al

Note: Do not penalize if y = 0 not stated.

dy_l

dz z

. 1
gradient of tangent = - Al

Note: If candidate starts with y = In & with no justification, award (M0)(A0)A1A1.

THEN



the equation of the normal is
y—lnec=—clz—c) Ml
z=0,y=c2+1
A+1—lnc=c (4D
Inc=1

c=e Al

[7 marks]

Examiners report

This was the first question to cause the majority of candidates a problem and only the better candidates gained full marks. Weaker candidates
made errors in the implicit differentiation and those who were able to do this often were unable to simplify the expression they gained for the

gradient of the normal in terms of c; a significant number of candidates did not know how to simplify the logarithms appropriately.

The curve C is given implicitly by the equation %2 —2z =Inyfory > 0.

a. Express j—g in terms of x and y. [4]
b. Find the value of j—i at the point on C where y =1 and z > 0. [2]

Markscheme

a. attempt at implicit differentiation M1

EITHER
2 22 dy _1dy
7””—7%—2_—01— AlAl

dy 772 _ 2951;721,/2
- e L

OR

after multiplication by y

22— 2y 2eqr = Py +yl L ALl
Note: Award A1 for each side.

dy  2(z-y)
dz = 1+2z+lny

[4 marks]
b. fory=1, 2> -2z =0

z=(0or)2 Al



dy 2
f0r$:2,azg Al

[2 marks]

Examiners report

a. Most candidates were familiar with the concept of implicit differentiation and the majority found the correct derivative function. In part (b), a

significant number of candidates didn’t realise that the value of x was required.

b. Most candidates were familiar with the concept of implicit differentiation and the majority found the correct derivative function. In part (b), a

significant number of candidates didn’t realise that the value of x was required.

The diagram shows the graph of the function defined by y = z(Inz)? forz > 0.

u}:

The function has a local maximum at the point A and a local minimum at the point B.

a. Find the coordinates of the points A and B.

b. Given that the graph of the function has exactly one point of inflexion, find its coordinates.

Markscheme
a. f'(z) = (lnz)? + # (: (ln:c)2 +2lnz=hz(lnz+ 2)) MiAl

f2)=0(=z=1,z=¢2) MI

Note: Award M1 for an attempt to solve f'(z) = 0.

A(e7%, 4e72) and B(1,0) AlAl

Note: The final A7 is independent of prior working.

[5 marks]
b. f"(z) = Z(lnz +1) Al

f'(z)=0 (=z=€t) M

(5]
E]



inflexion point (e 7, e™1) A1

Note: M1 for attempt to solve f”(z) = 0.

[3 marks]

Examiners report

a. This was answered very well. Candidates are very familiar with this type of question. Some lost a couple of marks by failing to find their final

y coordinates, though only the weakest struggled with differentiation and so made little progress.

b. This was answered very well. Candidates are very familiar with this type of question. Some lost a couple of marks by failing to find their final

y coordinates, though only the weakest struggled with differentiation and so made little progress.

Consider the following functions:

h(z) = arctan(z), z € R
gz)=2,z€R, z#0

a. Sketch the graph of y = h(z).

b. Find an expression for the composite function h o g(z) and state its domain.

c. Given that f(z) = h(z) + ho g(x),
(i) find f'() in simplified form;

ks

(i)  show that f(z) = 5 forz > 0.

d. Nigel states that f is an odd function and Tom argues that f is an even function.

(i) State who is correct and justify your answer.
(ii)  Hence find the value of f(z) for z < 0.

Markscheme

]

Note: A1 for correct shape, A1 for asymptotic behaviour aty = £+ g

[2 marks]
b. hog(z) = arctan(%) Al

domain of h o g is equal to the domainof g: x €0, z A0 Al

AlAl

2
2]
(7]

(8]



[2 marks]
c. 1) f(z) = arctan(z) + arctan(%)
fi@)= 1o+ —1 x —= MIAI

f@) =zt 255 AD

1422

L1
1422 1+a?

=0 41

(i) METHOD 1
fisaconstant RI
when x > 0
fQ)=1+7 Ml
= g AG

METHOD 2

(1

from diagram

0 = arctan % Al

a = arctanz Al

0+a=7% RI

hence f(z) = 3 AG

METHOD 3

tan(f(z)) = tan (arctan(:c) + arctam(%)) M

w+%
= Al

0
denominator =0, so f(z) = 5 (forz > 0) RI
[7 marks]

d. (i) Nigelis correct. A1

METHOD 1

arctan(z) is an odd function and % is an odd function

composition of two odd functions is an odd function and sum of two odd functions is an odd function RI1
METHOD 2

f(—z) = arctan(—z) + arctan(f%> = —arctan(z) — arctan(%) = —f(z)

therefore f'is an odd function. RI

() flx)=-5 Al

[3 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]

a



The function f'is defined by f(z) = e*sinz .

a. Show that f"(z) = 2e* sin(a: + g) .
b. Obtain a similar expression for () (z) .

c. Suggest an expression for f(?) (z),n € Z*, and prove your conjecture using mathematical induction.

Markscheme

a. f'(r) =e*sinz +e*cosz Al
f'(z) =e"sinz + e*cosz + e*cosz — e sinz Al
=2e"cosxz Al
= 2¢" sin(m + g) AG
[3 marks]
b. f"(z) = 2€” sin(ac + %) + 2¢” cos(m + %) Al

@ (z) = 2e* sin(ac + %) + 2 cos(m + %) + 2¢® cos(m + g) — 2¢” sin(:c + %) Al
= 4e” cos (a: + %) Al
=4e"sin(z+m) Al

[4 marks]

c. the conjecture is that
@) (z) = 2"e” sin (af: + %) Al
for n =1, this formula gives
f"(z) = 2e®sin (:v + %) which is correct A1
let the result be true forn =k, (z e. f@R(x) = 2%e? sin (w + %)) M1
consider f*+1)(z) = 2%¢” sin (w + an) + 2ke? cos (m + k—;) M1
FRE (@) = 2 sin (o + 5) + 2% cos (w + 5 ) + 2t cos(a + &) — Persin(a+ &) a1

= gktlen cos(x + %’r) Al

= 2F*lez gin (m + (kgl)ﬁ) Al

therefore true for n = k = true for n = k + 1 and since true forn = 1
the result is proved by induction. RI1

Note: Award the final R only if the two M marks have been awarded.

[8 marks]

Examiners report

o INA]
b, IN/A]

C: IN/A]

(3]
(4]
(8]



The function fis defined by f(z) = ze?® .

It can be shown that £ (z) = (2"z + n2" ')e?® foralln € Z*, where £ (z) represents the n'® derivative of f(z) .

(a) By considering f(" (z) for n = 1 and n = 2, show that there is one minimum point P on the graph of f, and find the coordinates of P.
(b) Show that f'has a point of inflexion Q at x =—1.

(¢) Determine the intervals on the domain of f' where f'is

(i) concave up;

(i) concave down.

(d) Sketch £, clearly showing any intercepts, asymptotes and the points P and Q.

(¢) Use mathematical induction to prove that ™ (z) = (2" + n2" 1)e?* for alln € Z", where (™ represents the n'* derivative of f(z) .

Markscheme

(@ f'(xz)=(1+2z)e*® Al

flz)=0 MI

:>(1+2:E)e2””:0:>w:7% Al

f"(z) = (2%x + 2 x 227 1)e® = (4z + 4)e™® Al

Pyt
2>0=atz= f%, f(z) has a minimum. RI
P(-3.-%) Al

[7 marks]

b f'(2)=0=4z+4=0=c=-1 MIAI
Using the 2°¢ derivative f” (f%) = % and f"(-2) = -, MIAI

the sign change indicates a point of inflexion. RI

[5 marks]
(¢) (1) fix)isconcaveup forxz > —1. Al

(i) fx)is concave down forax < —1. Al

[2 marks]

(d)



_7 X AIAIAIAT

Note: Award A1 for P and Q, with Q above P,

Al for asymptote aty =0,
Al for (0, 0),
A1 for shape.

[4 marks]

(¢) Show true forn=1 (M1)
fl(z) =™ +2ze*® Al
=e¥(1+2z) = (22 + 2°)e*®
Assume true forn =k, i.e. fBz = (2Fz +kx 28 Ne? k>1 MiAl
Consider n = k+ 1, 4.e. an attempt to find <= (f*(z)) . M1
FU+) () = 2ke2r 4 2627 (2k g + k x 2871) Al
- (2’c +2(2Fz + k x 2’“)) o2
=(2x 2%z 4+ 25 + kb x2x 28 e
= (2" 4+ 2F 4k x 2?4l
_ (2’”% +(k+1) 2’“) e Al
P(n) is true for k = P(n) is true for k + 1, and since true for n = 1, result proved by mathematical induction Vn € Z*

Note: Only award R1 if a reasonable attempt is made to prove the (k + 1) step.

[9 marks]
Total [27 marks]

Examiners report



This was the most accessible question in section B for these candidates. A majority of candidates produced partially correct answers to part (a),
but a significant number struggled with demonstrating that the point is a minimum, despite the hint being given in the question. Part (b) started
quite successfully but many students were unable to prove it is a point of inflexion or, more commonly, did not attempt to justify it. Correct
answers were often seen for part (c). Part (d) was dependent on the successful completion of the first three parts. If candidates made errors in
earlier parts, this often became obvious when they came to sketch the curve. However, few candidates realised that this part was a good way of
checking that the above answers were at least consistent. The quality of curve sketching was rather weak overall, with candidates not marking
points appropriately and not making features such as asymptotes clear. It is not possible to tell to what extent this was an effect of candidates not

having a calculator, but it should be noted that asking students to sketch curves without a calculator will continue to appear on non-calculator

papers. In part (e) the basic idea of proof by induction had clearly been taught with a significant majority of students understanding this. However,

many candidates did not understand that they had to differentiate again to find the result for (k+ 1) .

Consider the function f,,(z) = (cos 2z)(cos4z). .. (cos2"z), n € Z".

a. Determine whether f,, is an odd or even function, justifying your answer.

b. By using mathematical induction, prove that

i ontl
fo(z) = %, x # ZF wherem € Z.

c. Hence or otherwise, find an expression for the derivative of fn(:v) with respect to .

d. Show that, for n > 1, the equation of the tangent to the curve y = fy(z) atz = % isdr — 2y —m=0.

Markscheme

a. even function A1

since cos kz = cos(—kz) and f,,(x) is a product of even functions  R1
OR
even function A1

since (cos 2z)(cos4z) ... = (cos(—2z)) (cos(—4z))... R1
Note: Do not award AOR1T.

[2 marks]

b. considerthecasen =1

in 4. 2 sin 2: 2
sindr __ 2sin2zcos2z __ cos2x M1

2sin 2z 2sin 2z

hencetrueforn =1 R1

s ok+l
sin2"" 'z M1

assume true for n = k, ie, (cos 2z)(cos 4z) . .. (cos 2Fz) = s
sin 2x

(2]

8l

(3]

(8]



Note: Do not award M1 for “let n = k” or “assume n = k” or equivalent.

considern = k + 1:
fer1(z) = fu(z)(cos 28 1z)  (M1)

in 2k+1
= M2 70520l A1
2" sin 2z

2sin 281z cos 281z
= — A1

28+ gin 2z

. k+2
_ sin2""z Al

28+ 5in 22

son = 1ltrueand n = ktrue = n = k + 1 true. Hence true forallmn € Z* R1

Note: To obtain the final R1, all the previous M marks must have been awarded.

[8 marks]
c. attempttouse f' = Wv;;w (or correct product rule) M1
f»,’l(iE) _ (2" sin 2z) (2" cos 2”“17)—(51:12”*19:)(2”1 cos 2z) A1A7
(2" sin 2z)

Note: Award A1 for correct numerator and A1 for correct denominator.

[3 marks]

d. f’ ( . ) (2" sin %) (2’“rl cos 271 %) — (sin 2"“%) (2’“rl cos %)
n\4

= (M1)(A1)

(2" sin %)2
f’ ( . ) (2n)<2n+1 cos 21 %>

=—5 (A1
@) an

= 2cos 2"*1% (=2cos2" 1) A1
fh (g) =2 A1
fn (g) =0 A1

Note: This A mark is independent from the previous marks.

™
y=2(:c—z> M1A1
4z —2y—m=0 AG

[8 marks]

Examiners report

IN/A]
" IN/A]
: IN/A]
q. IVA]



Consider the functions f(z) = tanz, 0 < z < % and g(z) = %, zeR, z#£1L

a. Find an expression for g o f(z), stating its domain.

sin z+4-cos

b. Hence show that g o f(z) =

sinz—cosz
d
c. Lety = go f(z), find an exact value for d—g at the point on the graph of y = g o f(z) where z = % expressing your answer in the form

a+bV3,a, beZ.

d. Show that the area bounded by the graph of y = g o f(z), the z-axis and the lines z = 0 and z = % is ln(l + \/5)

Markscheme

tanz+1
a. go f((l?) = tanz—1 A1

w#%,0§z<% A1

[2 marks]
sinz
t. 1 w7 H1
b, ZnItl _ M1A1
Tanz—1 s )
cosT
sin z+cos
=—-— AG
sinz—cosz
[2 marks]
c. METHOD 1
dy (sinz—cos z)(cos z—sin z)—(sin z+cos z)(cos z+sin z)
T (sinz—cos z)
dy (2sin z cos z—cos2z—sin’z) — (2 sin  cos z+cos?z+sin’z)
dz cos2z+sin’z—2sin z cos
-2
T 1-sin2z

d
Substitute % into any formula for 2 m

dz
2
1fsin%
)
= A1l
=4
T 23
-4 (243
T 23 <2+\/§ ) M1
—8—4v/3
=— B 8-4y3 A1
METHOD 2
—1)secz— 1)sec?
% _ (tan z—1)sec’z—(tan z+1)sec’z Mi1A7
dz (tanz—1)*
9gee?
_ 2sec 22 Al
(tanz—1)
725ec2% *2(%> _8

= T T 2 m1
) Gy ()

Note: Award M1 for substitution %.

2]

2]

6]

6]



s s <4+2\/§)

_ = ~ = -8 —4/3 MI1A1
(1-v3)" (4-2v3) (442v3)

[6 marks]
% sin z+cos
d. Area| [’ ———dz| M1
= ‘[ln|sinx —cosz||5| A1

Note: Condone absence of limits and absence of modulus signs at this stage.

= |ln|sin% - cos%| —In|sin0 — cosO|| m1

V3
2

()

- () ()

- 2 V3+1
_ln(ﬁ—l x «/§+1) m1

|

1

= ln(\/g + 1) AG
[6 marks]

Total [16 marks]

Examiners report

IN/A]
'_ IN/A]
IN/A]
q [NVA]

o T o

Find [arcsinz dz

Markscheme

attempt at integration by parts with w = arcsinz andv' =1 M1

Jarcsinz dz = zarcsinz — [ \/%dm A1A1
—T

Note: Award A1 for x arcsin « and A1 for — f

de.

—I

T

solving f mdx by substitution with u = 1 — 22 or inspection  (M1)
—T

farcsin zdz = zarcsinz + V1 — 22 + ¢ A1

[5 marks]

Examiners report



IN/A]

Show that fOE zsin 2zdz = ? e

Markscheme

Using integration by parts  (M1)
du dv . 1
v = 1, gy =sin2zandv = —3cos2z (A1)

[x (—%cos 2x>}§ — fOE (—%cos 2x> dz Al

= [ac (—%cos 23:)}E + Hsin 23:} B Al
0 0

U=

Note: Award the 4141 above if the limits are not included.

1 % s
[x (—Ecos2x> . =—5 Al

[jsin2e|" =2 ar
Jof wsin2zdz = ? -2 AG No

Note: Allow FT on the last two A1 marks if the expressions are the negative of the correct ones.
[6 marks]

Examiners report

This question was reasonably well done, with few candidates making the inappropriate choice of u and g—;. The main source of a loss of marks

was in finding v by integration. A few candidates used the double angle formula for sine, with poor results.

A function f is defined by f(z) = %, z R, z# %
a. Find an expression for f (). (4]
b. Given that f(x) can be written in the form f(z) = A + Tfil, find the values of the constants A and B. 2]
. 3z—2
c. Hence, write down f mdx. [1]
Markscheme
3z—2 _
a firzoy=5—5 f Liy—sz
3z—2

y=g, g =3 —2=2zy—y M1

=3r—-2zy=-y+2 M1



_ 2— 3
Hz) = —37;; (:c + 7) A1l
Note: <z and y might be interchanged earlier.
Note: First M1 is for interchange of variables second M1 for manipulation

Note: Final answer must be a function of

[4 marks]
3z—2 B

equating coefficients 3 =2Aand —2=—-A+ B (M1)

3 1
Azgandefg A1l

Note: Could also be done by division or substitution of values.

[2 marks]

c. [f(z)dx = %w - %ln\2x —1l4+c¢ At

Note: accept equivalent e.g. In|4x — 2|
[1 mark]
Total [7 marks]

Examiners report

a. Well done. Only a few candidates confused inverse with derivative or reciprocal.
b. Not enough had the method of polynomial division.

c. Reasonable if they had an answer to (b) (follow through was given) usual mistakes with not allowing for the derivative of the bracket.

The function f is defined as f(x) = ax? + bx + c where a, b, c € R.

Hayley conjectures that flez)—Har) = fea) s (m), xl # z2.

To—T1 2

Show that Hayley’s conjecture is correct.

Markscheme

Fl@a)—f(z1) _ az§+bw2+cf(aw%+bw1+c) (M1)

T2—T T2—T1




_ bl

To—T1

_ a(za—z1)(z2+1)+b(z2—21) (A1)

T2—T1

=a(z2t+z1)+b (21 #x2) AT

f’(zz);rf’(am) _ (2az2+b)42r(2a11+b) M1

2a(zy+z1)+2b
= —

=a(zy+z)+b A1
so Hayley’s conjecture is correct AG

[6 marks]

Examiners report

This was generally answered very well. A small minority attempted to ‘prove’ the result by substituting specific values into the identity and thus gained
little or no credit. Some started by assuming the result to be correct, then manipulated both sides until they derived an obvious identity. Reluctantly,

they gained credit for this, though such an approach should be discouraged.

Find the z-coordinates of all the points on the curve y = 2z + 6% + %w2 — 5z + % at which

the tangent to the curve is parallel to the tangent at (—1, 6).

Markscheme

%:8m3+18w2+7x75 A1
dy
whenz = -1, — =-2 At

8z% + 182 + Tz — 5= -2 M1

82° + 1822+ Tz —3=0

(z+1)isafactor A1

823 + 182% + Tz — 3 = (x + 1)(82% + 10z — 3) (M1)
Note: M1 is for attempting to find the quadratic factor.
(z+1)(4z—-1)(2z+3)=0

(x=-1), =025, z = —1.5 (M1)A1

Note: M1 is for an attempt to solve their quadratic factor.

[7 marks]

Examiners report

The first half of the question was accessible to all the candidates. Some though saw the word ‘tangent’ and lost time calculating the equation of this. It

was a pity that so many failed to spot that « 4+ 1 was a factor of the cubic and so did not make much progress with the final part of this question.



4
z—4 "

Consider the curve y = ﬁ +

Find the x-coordinates of the points on the curve where the gradient is zero.

Markscheme

d
valid attempt to find = M1

dy 1 4
—_—=— - —— A1A1
dz (17%)2 (z74)2

d
attempt to solve d—z =0 M1
r=2,r=-2 A1A1

[6 marks]

Examiners report

IN/A]

Use the substitution = a sec 8 to show that ffu o

Markscheme

T = asect

% =asecftand (Al)

new limits:
xza\/i:>0=%and:c=2a:>9:1 (Al)

3
asecftan@ do M1
% a3sec30VaZsec6—a?
™

— [ <049 Al
1 [

T
3

using cos?0 = %(cos 20+1) Ml
1 Bsin 20 + 0} ® or equivalent A1

2a° 2
4
_ ﬁ(? + %’T —1- %) or equivalent A1
1
= ud (3\/5 T 6) A6
[7 marks]

Examiners report

[N/A]

™
z 2

a. Calculate [+ 22 dg .
7 \/tanm

b. Find ftan%da: .

1

V2 3VR-a2 | 2443

(3\/§+7r—6).

6]
(3]



Markscheme

a. EITHER

letw = tanz; du = sec’zdz (M1)

consideration of change of limits  (M1)

% sec’z _ % 1
f%r —3tanxd$—f§ Edu (AI)

Note: Do not penalize lack of limits.

3,
~3o (3*/?3) AIAI  NO

wly

™ 2
3 _sec’z __ | 3(tanz)3
f%r Vs dx = |: 5 :| M2A42

I
4

2
= BB 8 (M52 4141 N

[6 marks]
b. [tan’zdz = [tanz(sec’z — 1)dz M1

= [(tanz x sec’z — tanz)dz
= %tanzw —In|secz| +C AIAIl

Note: Do not penalize the absence of absolute value or C.
[3 marks]

Examiners report

a. Quite a variety of methods were successfully employed to solve part (a).

b. Many candidates did not attempt part (b).

Find the value of fol tln(t + 1)dt.

Markscheme
EITHER

attempt at integration by substitution (M1)
using u = t + 1, du = dt, the integral becomes
flz (u—1)Inudu AI

then using integration by parts M1

flz (u—1)lnudu = [("72 —u) lnu]j — ff (”—22 — u) X ~du Al



) 2
—-[£ -] @b
1
= % (accept 0.25) Al
OR
attempt to integrate by parts (M1)

correct choice of variables to integrate and differentiate ~ M1

1 2 1 142 1
Sl tIn(t 4 1)dt = [%1n(t+1)]0— e Ldt Al
= &1 D -l fteo14 Lar ol
- [?n(t—ﬁ— )}0—51‘0 t—1+ rdt

2 1 12 1

- [71n(t+ 1)]0 -1 [3 —t+In(t+ 1)]0 Al
:i (accept 0.25) Al
[6 marks]

Examiners report

Again very few candidates gained full marks on this question. The most common approach was to begin by integrating by parts, which was done

correctly, but very few candidates then knew how to integrate

number of candidates were let down by their inability to simplify appropriately.

Let y = arccos (%)

!
a. Find d—y.
T

b. Find fol arccos (%) dz.

Markscheme

£
t+1

a-y=arccos(£):>dy=— 1_<:— ! ) M1A1

2 A—z2

dz 2
2\/17(5)
Note: M1 is for use of the chain rule.

[2 marks]

b. attempt at integration by parts M1

U = arccos (%) = du 1
dz )

L s v=2 (A1)

dz

1 z de = T ! 1 1 d
f arccos <3) T = |:€E arccos <E>]O+f0 m T

using integration by substitution or inspection  (M1)

f=1

[ arceos (2)]) + [— (4- mﬂ: At

1
Note: Award A1 for — (4 — :c2) 2 or equivalent.

A1

. Those who began with a substitution often made more progress. Again a

2]

[7]



Note: Condone lack of limits to this point.
attempt to substitute limits into their integral M1
=2-V3+2 A1

[7 marks]

Examiners report

IN/A]
b, IN/A]

Consider the function f(z) = z€ER, x# -2, x#—1.

1
z24-3z+2

a.i.Express z? + 3z + 2 in the form (z + h)? + k.
a.ii Factorize 2% + 3z + 2.

b. Sketch the graph of f(:c) indicating on it the equations of the asymptotes, the coordinates of the y-intercept and the local maximum.

1 . 1
c. Showthat —+ — =5 = T

d. Hence find the value of p if fol f(z)dz = In(p).
e. Sketch the graph of y = f (|z|).

f. Determine the area of the region enclosed between the graph of y = f (|z|), the z-axis and the lines with equations z = —1 and z = 1.

Markscheme

aiz?+3z+2= (m+%)2—} A1
[1 mark]

aiiz’? +3z+2=(z+2)(z+1) A1

[1 mark]

Vertical Asymptote
x=-1
¥ v Intercept

[0:3)
2 Horizontal

i Asymptote
.“ = ﬂ,
\ Local Maximum
3
SN
2

\

Fa

Vertical Asymptote
x=-2

—

[
b

- - .

(1]

(1]

(5]

(1]

(4]

2

(3]



A1 for the shape
A1 for the equation y = 0

A1 for asymptotes x = —2and z = —1

A1 for coordinates (—%, - 4)

A1 y-intercept (O, %)

[5 marks]
1 1 (z42)—(z+1)
Tl 242 T (mtl)(a+2) M1
_ 1
T 2?4 3z+2 AG
[1 mark]

. 1
' sz+1 — ode

= [In(z +1) — In(z +2)]; A1
=In2-In3—-Inl+1n2 M1

= ln(§> M1A1

. 4
..ng

[4 marks]

symmetry about the y-axis M1

correct shape A1
Note: Allow FT from part (b).

[2 marks]

2 [, f(z)dz  (M1)ATY)

= 2ln< %) A1
Note: Do not award FT from part (e).

[3 marks]



Examiners report

ai VA
ailNA

IN/A]
" IN/A]
" IN/A]
" IN/A]
" IN/A]

S0 O 0 T

A particle moves in a straight line such that at time ¢ seconds (¢ > 0), its velocity v, in ms !, is given by v = 10te ™. Find the exact distance

travelled by the particle in the first half-second.

Markscheme

1

s = f 10te2td¢
0

attempt at integration by parts M1

SRV

= [-5te 2|7 — j" —be~2dt A1
0

= [—5te*2t - %e*ﬂ (A1)

ST

Note: Condone absence of limits (or incorrect limits) and missing factor of 10 up to this point.

1

P
s= [10te *dt (M1)
0

_ -1 5 (_ =5 5 _ 5e—10
= —be +5 (*T‘Fi) <7 o ) A1

[5 marks]

Examiners report

[N/A]
3 2 S5z+11
(@) Show that =5 + 15 = -

(b) Hence find the value of k such that [}’ ———dz =Ink .

Markscheme

3 2 3(z+3)+2(z+1)
@ HFtis= woen M
_ 3z+9+2z+2

T 22 dx+3 Al



5z+11

= 22 +4z+3 AG

2 bz+l1l 2 3 2
®) fy wgde = [y (5 + 555 ) de M1

= [3In(z +1) + 2In(z + 3)]}  AZ
=3In3+2In5-3In1—-2In3 (=3In3+2In5—-2In3) Al
=In3+2Inb

=In7 (k=175) Al

[6 marks]

Examiners report

Many students did not ‘Show’ enough in a) in order to be convincing. The need for the steps of the simplification to be shown was not clear. Too
many did not link a) to b) and seemed to not be aware of the Command Term ‘hence’ and its implication for marking ( no marks will be awarded
to alternative methods). The simplifications of the log expressions were done poorly by many and the fact that 3> = 9 was noted by too many.

There were very few elegant solutions to this question.

1
a. Use the substitution v = 27 to find [ gz [4]
z2+z?

9

P. Hence find the value of % f Edw T expressing your answer in the form arctan g, where ¢ € Q. [3]
1 z24g2

a. du_ 1,3 du=1z73d ival A1

- = 3T (accept du = 72 zdzor equivalent)

substitution, leading to an integrand in terms of u M1

2ud ,
J 55— orequivalent A1
ur+u

=2arctan (vz) (+c) A1

[4 marks]
b.
L 9
2 f sdm — =arctan3 - arctan1 A1
1 z2+22

3—

[

tan(arctan3 - arctan1) =
tan(arctan3 - arctan1) = %
arctan3 - arctan1 = arctan% A1

[3 marks]

Examiners report

IN/A]



5, IN/A

a. Find all values of x for 0.1 < z < 1 such that sin(rz 1) = 0. [2]
1

b. Find fil mx 2 sin(m:’l)dac, showing that it takes different integer values when # is even and when # is odd. [3]
n+1

c. Evaluate fOl.l |rz 2 sin(rz )| dz. [2]

Markscheme

a sin(mz ') =01 =m, 2n(...) (4I)
111 1 1 11 1 1
=l eneotwn Al
[2 marks]

EIY

b. [cos(mz™!)|", M1

o
= cos(mn) — cos(w(n + 1)) Al
=2 whennisevenand=-2 whennisodd A1
[3 marks]

c. [ |me ?sin(me )| dz=2+2+...+2=18 (MDAI

[2 marks]

Examiners report

a. There were a pleasing number of candidates who answered part (a) correctly. Fewer were successful with part (b). It was expected by this stage

of the paper that candidates would be able to just write down the value of the integral rather than use substitution to evaluate it.

b. There were a pleasing number of candidates who answered part (a) correctly. Fewer were successful with part (b). It was expected by this stage

of the paper that candidates would be able to just write down the value of the integral rather than use substitution to evaluate it.

c. There were disappointingly few correct answers to part (c) with candidates not realising that it was necessary to combine the previous two parts

in order to write down the answer.

The folium of Descartes is a curve defined by the equation =3 + y3 — 3zy = 0, shown in the following diagram.



-l

Determine the exact coordinates of the point P on the curve where the tangent line is parallel to the y-axis.

Markscheme
2 4+y—3zy=0

2 2dy o Ay o _
3z° + 3y - — 3z —3y=0 MI1A1
Note: Differentiation wrt y is also acceptable.

dy 3y—32? y—a?
dz ~ 3y2-3z

= yz—,x) (A1)
Note: All following marks may be awarded if the denominator is correct, but the numerator incorrect.

yv—xz=0 M1
EITHER

z =1y

v +y® -3 =0 mi1A1
Yo — 243 =0

vy —2)=0
(y#0)..y=v2 Af
o= () (1) a
OR

4+ zy—3zy=0 M1

z(z? —2y) =0
zA0=y=2 Al
4
v =7
.Z4
$:T
z(z® —4)=0

(z#0) . z=+v4 A1



V_Q
y=<24> =2 A1

[8 marks]

Examiners report

IN/A]

A body is moving in a straight line. When it is s metres from a fixed point O on the line its velocity, v, is given by v =

Find the acceleration of the body when it is 50 cm from O.

Markscheme

& =25 MIAl
S

Note:  Award M1 for 253 and A1 for the whole expression.

a=v¥ (MI)

a=-%x3(=-%) @y

S S

when s = %, a= —ﬁg‘ (= —64) (ms™2) MIAl

Note: M1 is for the substitution of 0.5 into their equation for acceleration.
Award M1A0 if s = 50 is substituted into the correct equation.

[6 marks]

Examiners report

IN/A]

Consider the curve y = ze® and the line y = kz, k € R.
(a) Letk=0.
(1)  Show that the curve and the line intersect once.

(i)  Find the angle between the tangent to the curve and the line at the point of intersection.

(b) Let k=1. Show that the line is a tangent to the curve.

(¢) (1) Find the values of k for which the curve y = ze® and the line y = kx meet in two distinct points.

(il))  Write down the coordinates of the points of intersection.

(iii)  Write down an integral representing the area of the region 4 enclosed by the curve and the line.

(iv) Hence, given that 0 < k < 1, show that A < 1.

Markscheme

1

52!

s> 0.



@@ () ze?=0=z=0 Al

so, they intersect only once at (0, 0)

(i) ¢y =e"+xze* =(1+2z)e® MIAI
y(0)=1 Al
¢ =arctanl = 7 (0 =45") Al

[5 marks]

(b) whenk=1y==x

ze® =z =z —-1)=0 MI

=x=0 Al

y'(0) = 1 which equals the gradient of the liney =«  RI

so, the line is tangent to the curve at origin AG

Note: Award full credit to candidates who note that the equation z(e®

[3 marks]

) () ze*=kzr==z(e"—k)=0 Ml
=z=0orz=Ink Al
k>0andk#1 Al

(i) (0,0)and (Ink, klnk) AIAI

(i) A=|f;" ke — ze*dz| MIAI

Note: Do not penalize the omission of absolute value.

(iv)  attempt at integration by parts to find [ze*dz M1
Jzetdz = ze® — [e?dz =e®(z — 1) Al

as0<k<l=Ilnk<0 RI
0 k 0

A= [ kz— zed :[— 2 (z-1 z} Al
Sy ko — zetdz = |Z2% — (z — 1)e -

(g (Ink)® — (Ink — l)k) Al
k
3

( Ink)® — 2Ink + 2)
g( (nk-1)°+1) MIAI
since & (nk —1)°+1) >0 RI
A<l AG

[15 marks]

Total [23 marks]

— 1) = 0 has a double root x = 0 so y = x is a tangent.



Examiners report

Many candidates solved (a) and (b) correctly but in (c), many failed to realise that the equation ze” = kx has two roots under certain conditions
and that the point of the question was to identify those conditions. Most candidates made a reasonable attempt to write down the appropriate

integral in (c)(iii) with the modulus signs and limits often omitted but no correct solution has yet been seen to (c)(iv).

The following graph shows the relation z = 3cos2y +4, 0 <y < 7.

The curve is rotated 360° about the y-axis to form a volume of revolution.

A container with this shape is made with a solid base of diameter 14 cm . The container is filled with water at a rate of 2 cm® min~!. At time ¢

minutes, the water depth is  cm, 0 < h < 7 and the volume of water in the container is V cm?.

a. Calculate the value of the volume generated. [8]

b. () Given that i—z = w(3cos2h + 4)2, find an expression for i—}z. [4]
(i) Find the value of < when b = J.

c. () Find ‘fTZ [7]

2
(i) Find the values of h for which $x = 0.

i Y making sSpecific reterence 1o the shape of the container, interpret —- at the values O ouna in part (C)().
ii) By maki ific ref to the shape of the container, interpret S at the values of h found in part (c)(i

Markscheme

a. use of ﬂfab z2dy  (M1)

Note: Condone any or missing limits.
V= [ (3cos2y+4)’dy (A1)
= [, (9cos?2y + 24 cos 2y + 16)dy A1

9cos?2y = 3 (1 + cosdy) (M1)

™
= n[gTy + %sin4y + 12sin 2y + 16y M1A1
0



—_ (97“ + 167r) (A1)

= 7 (cm®) AT

Note: If the coefficient “” is absent, or eg, “27” is used, only M marks are available.

[8 marks]

: . dh _ AV dh o dV
b. () attempting to use T = @ Xy with = 2 M1

dh 2
dt (3 cos 2h+4)*

(i) substituting h =  into % (M1)

% = % (cmmin~t) A7
Note: Do not allow FT marks for (b)(ii).

[4 marks]

: &h _ a(dn) _ dn d (dn
c 0 F‘E(E)‘EXE<E) (M1)

2 24sin 2h
= S X = M1A1
m(3 cos 2h+4) (3 cos 2h+4)

Note: Award M1 for attempting to find ;—h (%).

— 48sin 2h , A1
%(3 cos 2h+4)

™

(i) sin2h=0=h=0, 5, 7 A1

2
Note: Award A7 forsin2h = 0 = h = 0, X, 7 from an incorrect <.

X dat?
(i) METHOD 1

% is a minimum at A = 0, 7 and the container is widest at these values R1

% is a maximum at h = % and the container is narrowest at this value R1

[7 marks]

Examiners report

. . 2 .
a. Part (a) was often answered well, though for some reason a minority tended to use the incorrect [ (3 cos 2y)”dy and gained few marks
thereafter. Incorrect limits were sometimes seen, which led to only method marks being available. A pleasing number were able to deal with the

integration of cos? 2y through the use of the correct identity.
b. Part (b) was well answered and did not pose too many problems.

c. Correct answers to part (c) were rarely seen. Only the very best candidates appreciated the correct use of the chain rule when trying to determine

. d’h
an expression for ol

The curve C has equation y = +(9 + 82% — z%) .

a. Find the coordinates of the points on C at which j—i =0. [4]

b. The tangent to C at the point P(1, 2) cuts the x-axis at the point T. Determine the coordinates of T. [4]



c. The normal to C at the point P cuts the y-axis at the point N. Find the area of triangle PTN.

Markscheme

dy 1 3
a. E—2m—5m Al
1.2\ _
w(275m)f0
£=0, +2
dy 9 25 25
L —0at (0,5), (72, ?)7 (2,?) AIAIAT

Note: Award A2 for all three x-values correct with errors/omissions in y-values.

[4 marks]

b. at x =1, gradient of tangent = g A41)

Note: In the following, allow FT on incorrect gradient.

equation of tangentis y — 2 = %(w -1 (y = %x + %) (41)
3

meets x-axis wheny =0, -2 = 5(z —1) (MI)
1

rT="3
coordinates of T are (— %, 0) Al
[4 marks]

c. gradient of normal = —% (A1)

equation of normal is y — 2 = —%(x -1) (y = —%az + %) M1)

atxZO,yzg Al

Note: In the following, allow FT on incorrect coordinates of T and N.

lengths of PN = /2 PT =, /2 4141

area of triangle PTN = % X 1/173 X 1/5_92 Ml

= % (or equivalent e.g. %) Al

[7 marks]

Examiners report

a. The whole of this question seemed to prove accessible to a high proportion of candidates.

(a) was well answered by most, although a number of candidates gave only the x-values of the points or omitted the value at 0.

(b) was successfully solved by the majority of candidates, who also found the correct equation of the normal in (c).

The last section proved more difficult for many candidates, the most common error being to use the wrong perpendicular sides. There were a
number of different approaches here all of which were potentially correct but errors abounded.

b. The whole of this question seemed to prove accessible to a high proportion of candidates.

(a) was well answered by most, although a number of candidates gave only the x-values of the points or omitted the value at 0.

(b) was successfully solved by the majority of candidates, who also found the correct equation of the normal in (c).

The last section proved more difficult for many candidates, the most common error being to use the wrong perpendicular sides. There were a
number of different approaches here all of which were potentially correct but errors abounded.

¢. The whole of this question seemed to prove accessible to a high proportion of candidates.

(a) was well answered by most, although a number of candidates gave only the x-values of the points or omitted the value at 0.

(b) was successfully solved by the majority of candidates, who also found the correct equation of the normal in (c).

The last section proved more difficult for many candidates, the most common error being to use the wrong perpendicular sides. There were a
number of different approaches here all of which were potentially correct but errors abounded.

(7]



The function fis defined by

2z — 1, <2
az? +br—5, 2<z<3

o) ={

wherea,b e R.

a. Given that fand its derivative, f’, are continuous for all values in the domain of /', find the values of @ and b . [6]
b. Show that fis a one-to-one function. [3]
c. Obtain expressions for the inverse function £ ! and state their domains. [5]

Markscheme

a. fcontinuous = lim f(z) = lim f(z) M1
=2 o2+

4a+2b=8 Al

2 T <2
12 _ )
1) {2am+b, 2<x <3

Al
f' continuous = lim f'(z) = lim f'(z)
2 T—=2"

da+b=2 Al
solve simultaneously M1
toobtaina=-landb=6 Al

[6 marks]
b. forz <2, fl(z)=2>0 Al
for2<z<3, flfz)=—-224+6>0 Al
since f'(z) > 0 for all values in the domain of f, f'is increasing ~ RI
therefore one-to-one  AG
[3 marks]
c.x=2-1=y=22 Ml

r=-y*+6y—5=9y>—6y+z+5=0 MI

y=3ftvd—=z
therefore
1 = z<3
f(z) = AIAIAI
3—vVd—2z, I<zx<4

Note: Award A1 for the first line and 4141 for the second line.

[5 marks]

Examiners report

IN/A]



o IN/A

.. IVA]

A curve is given by the equation y = sin(7 cos z).

d
Find the coordinates of all the points on the curve for which 2 —0,0 <z <L
dz ’

Markscheme

d .
d—z = —cos(mrcosz) X wsinz M1A1

Note: Award follow through marks below if their answer is a multiple of the correct answer.

considering either sinz = 0 or cos(mcosz) =0 (M1)
z=0, 7 A1

TCOST = 5, — % (é cosT =

Note: Condone absence of —%.

T 2
=>33—3, 3

(0, 0), (g, 1), (7,0) At

(%’r, — 1) A1

[7 marks]

Examiners report

This was not a straight-forward differentiation and it was pleasing to see how many candidates managed to do it correctly. Having done this they

found two of the solutions, often three of the solutions, successfully. The final solution was found by only a few candidates. Again candidates lost

marks unnecessarily by not close reading the question and realising that they needed both coordinates of the points, not just the z-coordinates.

It is given that log, y + log, = + log, 22 = 0.

a. Show thatlog..x = %logr x wherer, z € R,

b. Express y in terms of . Give your answer in the form y = px?, where p , g are constants.

c. The region R, is bounded by the graph of the function found in part (b), the x-axis, and the lines = 1 and * = « where & > 1. The area of R

is \/5

Find the value of a.



Markscheme

a. METHOD 1

L 1
log,.x = — (: ﬂ) M1A1

log, r? 2log, r

= AG

[2 marks]

METHOD 2

Lt
log, 2

log.xz = M1

1
" 2log, T Al

log, =
=—— AG

[2 marks]

b. METHOD 1

log, y + log, « + log, 2z =0
log,y + log, 222 =0 M1
log,y + 3log, 22> =0 M1

log, y = félogz 212

log, y = log, (%) M1A1

1 ,..-1
= — Al
y=r"

Note: For the final A mark, y must be expressed in the form pa9.

[5 marks]

METHOD 2
log, y + log, « + log, 2z =0

log, vy + %log2 x+ %log2 2c=0 M1

2l =

log, y + log, 27 + log, (22)? =0 M1

log, (\/ia:y) =0 M1

\/ia:y =1 A1
Y= %x’l A1l
Note: For the final A mark, y must be expressed in the form px9.

[5 marks]

(e}
. 1 -1

C. theareaof Ris | —z "dx M1
1f\/§

_ [ “
—[ﬁln:c}l A1

"
= ﬁlna A1



1 p—
ﬁlna =2 M1

a=¢e A1
Note: Only follow through from part (b) if y is in the form y = px?

[5 marks]

Examiners report

o INA
b, IN/A]

C_' IN/A]

n
Given that y = ﬁ, use mathematical induction to prove that SE—Z = #r, nezt.
- —z

Markscheme

proposition is true for n = 1 since j—g = ey 1 ; Ml
—T
=1t ar
(1-z)

Note: Must see the 1! for the A1.

+ - dky k!
assume true forn =k, k € ", i.e. T = T ) - MI

—T
ak
) dk+ly d<d—zi)

consider o= 5 M1)

= (k+ 1)k!(1 —z)~+D)-1 47

= 4

hence, P is true whenever Py, is true, and P; is true, and therefore the proposition is true for all positive integers RI

Note: The final R1 is only available if at least 4 of the previous marks have been awarded.

[7 marks]

Examiners report

Most candidates were awarded good marks for this question. A disappointing minority thought that the (k + 1)th derivative was the (k)th

derivative multiplied by the first derivative. Providing an acceptable final statement remains a perennial issue.

A curve is defined by the equation 8yIn x — 222 + 4y? = 7. Find the equation of the tangent to the curve at the point where x =1 and y > 0.

Markscheme

8y x = + 84 lnz — 4z + 8y =0 MIAIAL



Note: M1 for attempt at implicit differentiation. A1 for differentiating 8y In x, A1 for differentiating the rest.

whenz=1,8yx0—-2x1+4y>=7 (MI)

9 3
y2:Z:>yZ5 asy >0) Al
at (1%) Yoo

y—%z—%(x—l)ory:—%w—l—% Al

[7 marks]

Examiners report

The implicit differentiation was generally well done. Some candidates did not realise that they needed to substitute into the original equation to

. . . d . . . .
find y. Others wasted a lot of time rearranging the derivative to make d—y the subject, rather than simply putting in the particular values for  and y
x

Consider the curve with equation 2% + zy + y? = 3.

(a) Find in terms of %, the gradient of the curve at the point (—1, k).

(b)  Given that the tangent to the curve is parallel to the x-axis at this point, find the value of &.

Markscheme

(a) Attempting implicit differentiation M1

2w +ytal 2wl =0 Al

EITHER

Substitutingz = -1, y=k eg —2+k— % + 2k§—z =0 Ml

Attempting to make % the subject M1

OR

—(2
Attempting to make j—z the subject e.g. g—z = ij;;y) Ml
Substituting 2 = —1, y = k into :_Z Ml

THEN

dy _ 2-k
™ = T Al NI

(b) Solving <L = 0for kgivesk=2 Al

[6 marks]

Examiners report



Part (a) was generally well answered, almost all candidates realising that implicit differentiation was involved. A few failed to differentiate the
right hand side of the relationship. A surprising number of candidates made an error in part (b), even when they had scored full marks on the first

part.

Consider the curve defined by the equation 2> + siny — zy = 0.

a. Find the gradient of the tangent to the curve at the point (m, ) . 6]

1

172> Where 0 is the acute angle between the tangent to the curve at (m, ) and the line y=x . [3]

b. Hence, show that tan§ =

Markscheme

a. attempt to differentiate implicitly M1
22 + cosyr —y— o =0  AIAI
Note: A1 for differentiating 2 and sin y ; A1 for differentiating xy.

substitute x and yby 7 M1

dy dy dy  «
r— g T =0= 5= MiAl

Note: M1 for attempt to make dy/dx the subject. This could be seen earlier.

[6 marks]

b. @ = T — arctan 7 (or seen the other way) M1

1— T
tanf = tan(% — arctan HLw) =" MIAl

1

[3 marks]

Examiners report

a. Part a) proved an easy 6 marks for most candidates, while the majority failed to make any headway with part b), with some attempting to find
the equation of their line in the form y = mx + ¢ . Only the best candidates were able to see their way through to the given answer.
b. Part a) proved an easy 6 marks for most candidates, while the majority failed to make any headway with part b), with some attempting to find

the equation of their line in the form y = mx + ¢ . Only the best candidates were able to see their way through to the given answer.

Consider the function f defined by f(z) = z2 — a2, = € R where a is a positive constant.

The function g is defined by g(z) = =/ f(x) for |z| > a.

a.i.Showing any x and y intercepts, any maximum or minimum points and any asymptotes, sketch the following curves on separate axes. [2]

y = f(z);



a.i.Showing any x and y intercepts, any maximum or minimum points and any asymptotes, sketch the following curves on separate axes.

a.iiiShowing any « and y intercepts, any maximum or minimum points and any asymptotes, sketch the following curves on separate axes.

- ‘L
Y= 7@
b. Find [ f(z) cos zdz.

c. By finding g'(z) explain why g is an increasing function.

Markscheme

)
| /
1
|
| /
1
S :%__ £ .
| !
\ |/
\./41
A1 for correct shape
AT for correct x and y intercepts and minimum point
[2 marks]
=
i ! 37 |

—

YN
/ \\!

A1 for correct shape

A1 for correct vertical asymptotes
A1 for correct implied horizontal asymptote
A1 for correct maximum point

[??? marks]

a.jii. } :

A1 for reflecting negative branch from (ji) in the z-axis

(4]

2

(5]

(4]



A1 for correctly labelled minimum point

[2 marks]
b. EITHER

attempt at integration by parts  (M1)

[ (z* — a®) coszdz = (z? — a*)sinz — [2zsinzdz  A1AT1
= (#* —a®)sinz — 2 [~wcosz + [coszdz] A1

= (22 — a®)sinz + 2z cos —2sinz +c A1

OR

[ (z* — a*) coszdz = [2? coszdz — [a’ coszdz

attempt at integration by parts  (M1)

[z?coszdz = z’sinz — [2zsinzdz A1A1

=z?sinz — 2 [—a; cosx + fcosmdx] A1

=z?sinz + 2z cosz — 2sinz

— [a*coszdz = —a’sinz
J (z? — a?) coszdz = (22 — a?)sinz + 2z cosz — 2sinz + ¢ A1

[5 marks]

c. g(z) = z(x? — a2)%

1 1
g'(z) = (22 — a?)z + %m(xz —a?)73(2z) MI1A1A1
Note: Method mark is for differentiating the product. Award A1 for each correct term.

1 1
g'(z) = (¢* —a®)? +2°(z* —a®) 2
both parts of the expression are positive hence g'(z) is positve ~ R1
and therefore g is an increasing function (for |z| > a) AG

[4 marks]

Examiners report

ai VA
ailNA
aiit VAl
o INA

c. [N/A]

In triangle ABC, BC = /3 cm, ABC = # and BCA = g

3

a. Show that length AB = ————.
W 9 V3 cosO+sin b

b. Given that AB has a minimum value, determine the value of 8 for which this occurs.

Markscheme

(4]

(4]



a. any attempt to use sinerule M1

AB V3 A1
sint (2170)
3 sin(
V3

A1

.2 2 .
sin 3~ cos f—cos 5-sin 0

Note: Condone use of degrees.

—_ o
gcoseJr%sinG
AB_ __ V8
g ?cosé”r%sine
. _ 3
-AB = v/3 cos §+sin O AG
[4 marks]
b. METHOD 1
73(7\/§sin0+c0s6')
(ABY = ——— " m1A1
(\/§ cos f+sin 9)
setting (AB) =0 M1
- L
tanf = NG
o
0= 5 A1
METHOD 2
\/gsinl
AB = :

sin(%’r 70>

AB minimum when sin(%T — 0) is maximum M1

sin(Z-0) =1 @1

2T ™

F-0=3% M1
g

METHOD 3

shortest distance from B to AC is perpendicularto AC  R1
0=

N

™ s
—3=5 MiA2
[4 marks]

Total [8 marks]

Examiners report

/A
b, IN/A]

Consider the functions f'and g defined by f(z) = 27 and g(z) =4-— 23 ,x#0.

(a) Find the coordinates of P, the point of intersection of the graphs of fand g .



(b) Find the equation of the tangent to the graph of f'at the point P.

Markscheme

(@ 2

al—
8=

=4-2
attempt to solve the equation M1
x=1 Al

soPis(1,2),as f(1)=2 AI NI

b fl(z)=-L2¢m2 Al

attempt to substitute x-value found in part (a) into their f'(z) MI
f'(1)=—-2In2

y—2=—-2In2(z —1) (orequivalent) MIAI NO

[7 marks]

Examiners report

Most candidates answered part (a) correctly although some candidates showed difficulty solving the equation using valid methods. Part (b) was

less successful with many candidates failing to apply chain rule to obtain the derivative of the exponential function.

The curve C has equation 222 + y? = 18. Determine the coordinates of the four points on C at which the normal passes through the point (1, 0) .

Markscheme

fe+ 2y =0= T =-2 Ml

Note: Allow follow through on incorrect % from this point.

gradient of normal at (a, b) is %

Note: No further A marks are available if a general point is not used

equation of normal at (a, b)isy — b = %(z —a) (:> y= Z—baa: + %) MiAl

substituting (1,0) M1

b=0ora=-1 AlAl

four points are (3, 0), (=3, 0), (—1, 4), (-1, —4) AIAl
Note: Award 4140 for any two points correct.

[9 marks]

Examiners report



Many students were able to obtain the first marks in this question by implicit differentiation but few were able to complete the question
successfully. There were a number of students obtaining the correct final answers, but could not be given the marks due to incorrect working.

Most common was students giving the equation of the normal asy — 0 = % (z — 1), instead of taking a general point e.g. (@, b)

Find the area between the curves y =2+ z — z? and y = 2 — 3z + 22 .

Markscheme

24+x—2>=2-3z+22 MI
=222 -4z =0
=2z(z—2)=0
=z=0,z=2 AlAl

Note: Accept graphical solution.

Award M1 for correct graph and 41A41 for correctly labelled roots.

A= f02 ((2 +z—a?)—(2-3z+ mZ)) dz  (MI)
= fo2 (4z — 22?)dz or equivalent ATl

2
— [2a? - 22| ar
0

[7 marks]

Examiners report

This was the question that gained the most correct responses. A few candidates struggled to find the limits of the integration or found a negative

area.

Show that f12 z?lnzder =4In2 — %.

Markscheme

any attempt at integration by parts M1



du 1
uzln:c:»a:; (A1)

dv 3 7:0_4
=== (A1)

o 2 2 43
= —lnx} — [ =—dz A1
{4 1 172

Note: Condone absence of limits at this stage.

Note: Condone absence of limits at this stage.

1
:4m2f(yfﬁ) A1

=4ln2- 1 AG

[6 marks]

Examiners report

[N/A]

Find the exact value of f12 ((w — 2)2 + % + sin ﬂ'.’E) dx.

Markscheme

2)

(
{%(m ~2)° 4 Inz — Lcos 71'1,‘} w AIAIAI

Note: Accept %x?’ — 222 + 4z in place of % (z —2)3.

= (0+ln2— %cos27r) — (—%—i—lnl— %cosw) M1)
=i+m2-2 A1z

Note: Award A1 for any two terms correct, A1 for the third correct.

[6 marks]

Examiners report

Generally well done, although quite a number of candidates were either unable to integrate the sine term or incorrectly evaluated the resulting

cosine at the limits.



André wants to get from point A located in the sea to point Y located on a straight stretch of beach. P is the point on the beach nearest to A such

that AP =2 km and PY = 2 km. He does this by swimming in a straight line to a point Q located on the beach and then running to Y.

A

2 km

x km
- 2 km _—

el

When André swims he covers 1 km in 54/5 minutes. When he runs he covers 1 km in 5 minutes.

(a) IfPQ=xkm,0 < z < 2, find an expression for the time 7 minutes taken by André to reach point Y.
d 5v/5.

(b) Show that & = EQ; — 5.

() () Solve<E =o0.

(i)  Use the value of x found in part (c) (i) to determine the time, 7 minutes, taken for André to reach point Y.

2
(iii)  Show that 4L — Lﬁg— and hence show that the time found in part (c) (ii) is a minimum.

2 EX
de (z2+4)2

Markscheme

(@) AQ=+2?+4(km) (Al

QY =(2—=z) (km) (41

T = 5V5AQ +5QY (M)

=5v5,/(z> +4) +5(2 — z) (mins) AI

[4 marks]

(b)  Attempting to use the chain rule on 5/5./(z2 +4) (MI)
— 1
4 (5\/51/(1:2 ¥ 4)) —5VEx L(a2+4) i x22 Al

(_ 5\/530)
o Va?+d

2(52-2)=-5 Al

dr 5v/5z .
[3 marks]

() () Vizx=+zZ+4 Al

Squaring both sides and rearranging to obtain 522 = 22 +4 MI
x=1 Al NI

Note: Do not award the final A7 for stating a negative solution in final answer.

(i) T=5V5y/1+4+52-1) MI
=30 (mins) AI NI
Note: Allow FT on incorrect x value.

(iii) METHOD 1
Attempting to use the quotient rule M1
u=uzx,v=+vz2+4, g—z = landg—; =x(z2+4)"? (D



e w2+471(z2+4)71/2x2z2
Tr =5V5 @ Al
Attempt to simplify (M1)
= %m [£? +4 — 2?] orequivalent Al
20v5
T @) A6
205 . ..
Whenax =1, o > 0 and hence 7=30is a minimum RI N0
T

Note: Allow FT on incorrect x value, 0 < z < 2.

METHOD 2
Attempting to use the product rule M1
u=uzx,v=+z2+4, g—; = landg—z :m(;c2+4)71/2 (A1)

2

LF —5VB(e? +4) 2 - DE@ )2 x 20 Al
5B 5v/52*
T @) (@2

Attempt to simplify (M1)

_ 5v/5(22+4)—5/5a? _ 5+/5(z?+4—a?) Al
(22+4)*? (22+4)*?
20\
“ e A
Whenax =1, % > 0 and hence 7=30is a minimum RI N0
€T

Note: Allow FT on incorrect x value, 0 < = < 2.

[11 marks]
Total [18 marks]

Examiners report

Most candidates scored well on this question. The question tested their competence at algebraic manipulation and differentiation. A few

candidates failed to extract from the context the correct relationship between velocity, distance and time.

(a) Given that o > 1, use the substitution u = % to show that

« 1 L |
/ —dm:/ dz
1 1+ x2 1 1+ u?

(b) Hence show that arctan o + arctan % = 7.

Markscheme

(a) u:%:du:—gﬂ%dm Ml
=de=-% Al

N H_lwfdx - fﬁ ﬁ,i_;‘ AIM1A1

Note: Award A1 for correct integrand and M1A1 for correct limits.

= f il ﬁdu (upon interchanging the two limits) AG



(b) arctanz$ = arctanu Al

o=

1
arctana — Z = I — arctan —~ Al

4 4

s

arctan o + arctan % =3 AG

[7 marks]

Examiners report

This question was successfully answered by few candidates. Both parts of the question prescribed the approach which was required — “use the
substitution” and “hence”. Many candidates ignored these. The majority of the candidates failed to use substitution properly to change the

integration variables and in many cases the limits were fudged. The logic of part (b) was missing in many cases.

The quadratic function f(z) = p + gz — = has a maximum value of 5 when x = 3.

a. Find the value of p and the value of g . [4]

b. The graph of f(x) is translated 3 units in the positive direction parallel to the x-axis. Determine the equation of the new graph. [2]

Markscheme

a. METHOD 1
fllz)=q—22=0 MI
f'3)=q—6=0

g=6 Al
fB)=p+18—-9=5 MI
p=—4 Al

METHOD 2
f(z)=—(z—3)*+5 MIiAl
=z’ +6x—4
q=6,p=—4 AlAl

[4 marks]

b. g(z) = —4+6(z —3) — (z — 3)® (= 31+ 12z — 2?) MIAl
Note: Accept any alternative form which is correct.

Award M1A0 for a substitution of (x + 3) .

[2 marks]

Examiners report

a. In general candidates handled this question well although a number equated the derivative to the function value rather than zero. Most

recognised the shift in the second part although a number shifted only the squared value and not both x values.



b. In general candidates handled this question well although a number equated the derivative to the function value rather than zero. Most

recognised the shift in the second part although a number shifted only the squared value and not both x values.

a. A particle P moves in a straight line with displacement relative to origin given by [10]

s = 2sin(nt) + sin(2nt), ¢ > 0,

where 7 is the time in seconds and the displacement is measured in centimetres.
(i) Write down the period of the function s.
(ii) Find expressions for the velocity, v, and the acceleration, a, of P.

(iii)  Determine all the solutions of the equation v=10 for 0 < ¢ < 4.

b. Consider the function [8]

f(z) = Asin(az) + Bsin(bz), A, a, B, b, z € R.

Use mathematical induction to prove that the(2n)® derivative of fis given by (f*"(z) = (—1)" (Aa*" sin(az) + Bb* sin(bz)), for all

neZt.

Markscheme

a. (1) theperiodis2 Al

(i) wv= % = 2w cos(mt) + 2w cos(2nt) (MI1)AI

a = = —2n?sin(nt) — dn’sin(2nt)  (MDAI
(i) v=0

27 (cos(mt) + cos(2nt)) = 0

EITHER

cos(mt) + 2cos?(nt) —1=0 Ml

(2cos(mt) — 1) (cos(mt) +1) =0 (AI)

cos(mt) = % or cos(mt) = -1 Al

1
t=g,t=1 Al

5 7 11
t=g,t=g5,t=7,t=3 Al
OR

t=15,1 Al

5 7 11
t: 3, g, 3, T AI
[10 marks]

b. P(n) : f®(z) = (—1)" (Aa®"sin(az) + Bb*"sin(bz))



P(1) : f"(z) = (Aacos(az) + Bbcos(bz)) Ml

= —Aa?sin(azx) — Bb®sin(bz)

= —1 (Aa’sin(az) + Bb’sin(bz)) Al

.. P(1) true

assume that

P(k) : f@®¥)(z) = (—1)* (Aa®sin(az) + Bb* sin(bz)) is true M1
consider P(k + 1)

FE(2) = (—1)* (Aa®*! cos(az) + Bb*+! cos(bz)) MIAL
F#+2(z) = (-1)% (—Aa**?sin(az) — Bb***?sin(bz)) Al

= (—1)¥*1 (Aa?**?sin(az) + Bb***?sin(bz)) Al

P(k) true implies P(k + 1) true, P(1) true so P(n) true Vn € Z* RI

Note: Award the final R only if the previous three M marks have been awarded.

[8 marks]

Examiners report

a.

The graph below shows the two curves y = % andy =

Y

a.

In (a), only a few candidates gave the correct period but the expressions for velocity and acceleration were correctly obtained by most

candidates. In (a)(iii), many candidates manipulated the equation v = 0 correctly to give the two possible values for cos(nt) but then failed to

find all the possible values of .

. Solutions to (b) were disappointing in general with few candidates giving a correct solution.

k
T

, where k > 1.

diagram noft to
scale

Find the area of region 4 in terms of & .

b. Find the area of region B in terms of k .

(3]
2



c. Find the ratio of the area of region A4 to the area of region B . [3]

Markscheme
a [14-ldz=(k—1)Inz)s MI Al
6 s
Note: Award M1 for f% — %dm or f% — %dm and A1 for (k — 1) In x seen in part (a) or later in part (b).

=(1-k)ng Al
[3 marks]

b [YOE _ldz— (k—1)na))® (4D

Note: Award A1 for correct change of limits.
=(k—1)Inv6 Al
[2 marks]

c. (1-k)lng=(k—1)n6 Al

(k—1)Inv6=3(k—1)ln6 AI

Note: This simplification could have occurred earlier, and marks should still be awarded.

ratiois 2 (or 2:1) Al
[3 marks]

Examiners report

a. Generally well answered by most candidates. Basic algebra sometimes let students down in the simplification of the ratio in part (c). It was not

log A

. . A
Tog B simplified to .

uncommon to see

b. Generally well answered by most candidates. Basic algebra sometimes let students down in the simplification of the ratio in part (c). It was not

4

logA . .
uncommon to see - simplified to 5

c. Generally well answered by most candidates. Basic algebra sometimes let students down in the simplification of the ratio in part (c). It was not

logA . . A
v simplified to .

uncommon to see Te B

_2mb
Letf(w):%, z€eR, z#£0.

a. The graph of y = f (x) has a local maximum at A. Find the coordinates of A. [5]
b.i.Show that there is exactly one point of inflexion, B, on the graph of y = f (). [5]
b.iiThe coordinates of B can be expressed in the form B(2a, b x 2’3“) where a, b€ Q. Find the value of a and the value of b. [3]
c. Sketch the graph of y = f (z) showing clearly the position of the points A and B. [4]

Markscheme

a. attempt to differentiate ~ (M1)



f'(z)=-32%-3z A1

Note: Award M1 for using quotient or product rule award A1 if correct derivative seen even in unsimplified form, for example
f/ ( ) 715z4><2:c376z2(273z5)

z) = .
(223)°

-2 _3z=0 M1
T
A (—1, —%) A1
[5 marks]
bi.f"(z) =0 M1
f"(z)=1227°-3(=0) A1
Note: Award A1 for correct derivative seen even if not simplified.
2
=z=+4 <= 23> A1
hence (at most) one point of inflexion ~ R1

Note: This mark is independent of the two AT marks above. If they have shown or stated their equation has only one solution this mark can be
awarded.

f" (z) changes sign at z = v/4 (: 2§) R1

so exactly one point of inflexion

[5 marks]

biiz = /4 = 27 (:m:%) A1

f (2%) _ 2P 5 0% (s b=-5) (MYAT
2x25

Note: Award M1 for the substitution of their value for z into f (z).

[3 marks]

Nt

J(_A1A1A1A1

A1 for shape for x < 0
A1 for shape forx > 0
A1 for maximum at A
Af1 for POl at B.

Note: Only award last two A7s if A and B are placed in the correct quadrants, allowing for follow through.

[4 marks]

Examiners report

O
b.i. [N/Al
b.iiN/Al

IN/A]



A normal to the graph of y = arctan(z — 1), for > 0, has equation y = —2z + ¢, where z € R .

Find the value of c.

Markscheme

d _ 1 .
4, (arctan(z — 1)) = o (or equivalent) Al

my = —2 and so mp = % (R1)

Attempting to solve Tll)g = % (or equivalent) forx M1
o

z=2(asz>0) Al
Substituting z = 2andy = 7 to finde M1
c=4+75 Al NI

[6 marks]

Examiners report

There was a disappointing response to this question from a fair number of candidates. The differentiation was generally correctly performed, but it

was then often equated to —2x + c rather than the correct numerical value. A few candidates either didn’t simplify arctan(1) to %, or stated it to

be 45 or %

The function fis defined by f(z) = 2, with domain D = {z : =1 <z < 8},

2

a. Express f(z) in the form A + x—fz, where A and B € Z.
b. Hence show that f/(z) > 0 on D.
c. State the range of /.

d. (i) Find an expression for f~1(z).

(ii)  Sketch the graph of y = f(z), showing the points of intersection with both axes.

(iii)  On the same diagram, sketch the graph of y = f/(z).
e. (i) On a different diagram, sketch the graph of y = f(|z|) where z € D.

(ii)  Find all solutions of the equation f(|z|) = —%.

Markscheme

a. by division or otherwise

5

2
(2]
2
(8]

(7]



[2 marks]

/ o 5
S@ =

>0as(z+2)2>0(onD) RIAG

Note: Do not penalise candidates who use the original form of the function to compute its derivative.

[2 marks]
8= [73 3} A2

)2

Note: Award 4140 for the correct endpoints and an open interval.

[2 marks]
. (i) EITHER

rearrange y = f(z) to make x the subject M1
obtain one-line equation, e.g. 2 — 1 = xy + 2y Al
z=2 Al

OR

interchange x and y M1

obtain one-line equation, e.g. 2y — 1 = ay + 2z Al
2z+1

y= 2—x AI
THEN
Fle) =22 a1

Note: Accept % -2

(i), (iii)



—

L ’.s AIAIAIAT

,/{;5 05

[8 marks]

Note: Award A1 for correct shape of y = f(z).
Award A1 for x intercept % seen. Award A1 for y intercept f% seen.
Award A1 for the graph of y = f~!(z) being the reflection of y = f(x) in the line y = z. Candidates are not required to indicate the full

domain, but y = f(x) should not be shown approaching z = —2. Candidates, in answering (iii), can FT on their sketch in (ii).

e. (i)



- 7 Y AlALAI

Note: A1 for correct sketch > 0, A1 for symmetry, A1 for correct domain (from —1 to +8).

Note: Candidates can FT on their sketch in (d)(ii).

(if)  attempt to solve f(z) = 7% M1)

obtain z = % Al
use of symmetry or valid algebraic approach  (M1)

obtain z = —% Al

[7 marks]

Examiners report

a. Generally well done.

b. In their answers to Part (b), most candidates found the derivative, but many assumed it was obviously positive.
IN/A]
d. Part (d)(i) Generally well done, but some candidates failed to label their final expression as f ! (z). Part (d)(ii) Marks were lost by candidates

who failed to mark the intercepts with values.

e. Marks were also lost in this part and in part (e)(i) for graphs that went beyond the explicitly stated domain.



At 12:00 a boat is 20 km due south of a freighter. The boat is travelling due east at 20 km h ™!, and the freighter is travelling due south at

40 kmh™t.
a. Determine the time at which the two ships are closest to one another, and justify your answer. [8]
b. If the visibility at sea is 9 km, determine whether or not the captains of the two ships can ever see each other’s ship. [3]

Markscheme

Jo-tot

(M1)

&

Jot

5% = (20t)2 + (20 — 40t)> M1
s? = 2000¢% — 1600t + 400 Al

to minimize s it is enough to minimize s2

#/(t) = 4000t — 1600  AI

setting f'(¢) equalto 0 M1

4000t — 1600 = 0 = t = = or 24 minutes !
F(t) = 4000 >0 M1

=att = %, f(t) is minimized

hence, the ships are closest at 12:24 A1

Note: accept solution based on s.

[8 marks]
b. f(%) — V80 MIAl

since /80 < 9, the captains can see one another RI1

[3 marks]

Examiners report

a. This was, disappointingly, a poorly answered question. Some tried to talk their way through the question without introducing the time variable.
Even those who did use the distance as a function of time often did not check for a minimum.
b. This was, disappointingly, a poorly answered question. Some tried to talk their way through the question without introducing the time variable.

Even those who did use the distance as a function of time often did not check for a minimum.



The function f'is defined by f(z) = HLIT%'

a. Express 42> — 4z + 5 in the form a(z — h)? + k where a, h, k € Q. 2]
b. The graph of y = z? is transformed onto the graph of y = 42? — 42 + 5. Describe a sequence of transformations that does this, making the [3]

order of transformations clear.

c. Sketch the graph of y = f(z). [2]
d. Find the range of 1. [2]
e. By using a suitable substitution show that [ f(z)dz = % [ ;%du. (3]
f. Prove that f13'5 mdz = - [71

Markscheme
a. 4(z —05)>+4 AlAl

Note: A1 for two correct parameters, A2 for all three correct.

[2 marks]
b. translation (0(')5> (allow “0.5 to the right”) A1

stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar) A1

translation (Z) (allow “4 up”) Al

Note: All transformations must state magnitude and direction.

Note: First two transformations can be in either order.

It could be a stretch followed by a single translation of < Of > . If the vertical translation is before the stretch it is < 2 > .

[3 marks]



general shape (including asymptote and single maximum in first quadrant), A1
intercept <0, %) or maximum <%, %) shown A1

[2 marks]

L0< flz) < 7 AlAl

Note: A1 for < %,AI for 0 <.

[2 marks]

.letu:w—% Al

du —1 (ordu=dz) Al

dz
1 1
4(e-3) +4
1 1 1
J v i) amdu AG

Note: If following through an incorrect answer to part (a), do not award final A1 mark.

[3 marks]
3.5 1 d 1 p3 1 d Al
fl prE e f0-5 210

Note: A1 for correct change of limits. Award also if they do not change limits but go back to x values when substituting the limit (even if there

is an error in the integral).

1 3

7larctan(u)lg s (M1)

% (arctan(3) - arctan(%)) Al

let the integral = 7

tan4l = tan (arctan(3) — arctan(%)) M1

3-05 2.5
Tr3x05 — 25 — 1 (MDAl

AI=Z=1=7% AIAG

[7 marks]



Examiners report

a.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e).

. This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(b) Exam technique would have helped those candidates who could not get part (a) correct as any solution of the form given in the question
could have led to full marks in part (b). Several candidates obtained expressions which were not of this form in (a) and so were unable to
receive any marks in (b) Many missed the fact that if a vertical translation is performed before the vertical stretch it has a different magnitude
to if it is done afterwards. Though on this occasion the markscheme was fairly flexible in the words it allowed to be used by candidates to
describe the transformations it would be less risky to use the correct expressions.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound
angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(c) Generally the sketches were poor. The general rule for all sketch questions should be that any asymptotes or intercepts should be clearly
labelled. Sketches do not need to be done on graph paper, but a ruler should be used, particularly when asymptotes are involved.

. This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound

angle formulae. There were many good solutions to parts (a) — (e).

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound
angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(e) and (f) were well done up to the final part of (f), in which candidates did not realise they needed to use the compound angle formula.

This question covered many syllabus areas, completing the square, transformations of graphs, range, integration by substitution and compound
angle formulae. There were many good solutions to parts (a) — (e) but the following points caused some difficulties.

(e) and (f) were well done up to the final part of (f), in which candidates did not realise they needed to use the compound angle formula.

A curve has equation z3y? + 2 — 3® 4+ 9y = 0. Find the coordinates of the three points on the curve where L—

dz

Markscheme

3z%y? + 2:c3y;l—z + 322 — 3y2d—z + 9% =0 MIMIAI

d

Note:  First M1 for attempt at implicit differentiation, second M1 for use of product rule.

(

dy  3a2%y%+3a?
de 3y2—223y—9

=322+322y2 =0 (4])
=322 (14+¢%) =0

T

=0 A1

Note: Do not award A1 if extra solutions given eg y = *1.

substituting = 0 into original equation (M1)



y' =9y =0

y(y+3)(y—3)=0

y=0, y=43

coordinates (0, 0), (0, 3),(0,—3) Al
[7 marks]

Examiners report

The majority of candidates were able to apply implicit differentiation and the product rule correctly to obtain 3z (1 + y2) = 0. The better then
recognised that z = 0 was the only possible solution. Such candidates usually went on to obtain full marks. A number decided that y = +1
though then made no further progress. The solution set = 0 and y = £¢ was also occasionally seen. A small minority found the correct x and y

values for the three co-ordinates but then surprisingly expressed them as (0, 0), (3, 0) and (-3, 0).

A packaging company makes boxes for chocolates. An example of a box is shown below. This box is closed and the top and bottom of the box are

identical regular hexagons of side x cm.

diagram not to
scale

3\/5:02 2

(a) Show that the area of each hexagon is

2CIIl.

(b)  Given that the volume of the box is 90 cm? , show that when = = +/20 the total surface area of the box is a minimum, justifying that this
value gives a minimum.

Markscheme

(a) Area of hexagon = 6 x % X o X T Xxsin60® Ml

2
- W 46

(b) Let the height of the box be &
2
Volume = 3‘/—% =90 M1

60
=5 Al

Surface area, A = 3v/3z2 + 6hz M1

= 3322 + %w’l Al
da _ _ 360, 2
ie 6+/3z \/gw Al

Hence h =



xr =

&4 _ 7202 %

Fra 63 + NG

which is positive when = /20, and hence gives a minimum value. RI

[8 marks]

Examiners report

There were a number of wholly correct answers seen and the best candidates tackled the question well. However, many candidates did not seem to
understand what was expected in such a problem. It was disappointing that a significant number of candidates were unable to find the area of the

hexagon.

The function f'is defined on the domain {0, 37”} by f(z) = e *cosz .

a. State the two zeros of /. 1

b. Sketch the graph of /. [1]

c. The region bounded by the graph, the x-axis and the y-axis is denoted by 4 and the region bounded by the graph and the x-axis is denoted by [7]
B . Show that the ratio of the area of 4 to the area of B is

e’ (e% + 1)

e"+1

Markscheme

a. e*cosz=0

sz=2,3 Al

[1 mark]



b
B

Note: Accept any form of concavity for x € [O, %} .

Note: Do not penalize unmarked zeros if given in part (a).

Note: Zeros written on diagram can be used to allow the mark in part (a) to be awarded retrospectively.

[1 mark]
. attempt at integration by parts M1
EITHER
1= fe’m coszdx = —e ¥ cosxdx — fe”” sinxzdzr Al

=1 =—e*cosxdz — [—e_’” sinx + fe_m cos mdw} Al

= I = 4-(sinz —cosz) +C Al
Note: Do not penalize absence of C.

OR
I=[e*coszdz =e “sinz+ [e “sinzdz Al
I=e?*sinx —e *cosz — fe”” cosxzder Al

= I =*-(sinz —cosz) +C Al
Note: Do not penalize absence of C.

THEN .
Ji? e % coszdz = [%(Sinx — cos m)]; =%+ % Al

T

3
J=* e “coszdz = [e—(sinz — cos w)]
2

2

e

ola

Jr
ratio of 4:B is —2—2+

NI

LI
2

€
7 T
3m, @
e2<e 2+1>
= %5 Ml
e2(e 2 +e 2>
i
e”<e2+1>

=——= AG

e"+1

[7 marks]

)

e

o



Examiners report

a. Many candidates stated the two zeros of f'correctly but the graph of f'was often incorrectly drawn. In (c), many candidates failed to realise that

integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of

sign.

b. Many candidates stated the two zeros of f correctly but the graph of f'was often incorrectly drawn. In (c), many candidates failed to realise that

integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of

sign.

¢. Many candidates stated the two zeros of f'correctly but the graph of f'was often incorrectly drawn. In (c), many candidates failed to realise that

integration by parts had to be used twice here and even those who did that often made algebraic errors, usually due to the frequent changes of

sign.

The function fis defined on the domain z > 0 by f(z) = ” — z°.

a. (i) Find an expression for f'(z) .

(ii)  Given that the equation f'(x) = 0 has two roots, state their values.

b. Sketch the graph of /, showing clearly the coordinates of the maximum and minimum.

c. Hence show that e™ > 7° .

Markscheme

a (i) f'(x)=e®—ex*! Al

(i) by inspection the two roots are 1, e~ A1A41

[3 marks]
b. M
Y

3

b
>

0 1 2 (e,0) 3 +

Note: Award A1 for maximum, A1 for minimum and A1 for general shape.

(3]

(3]
(1]



[3 marks]

c. from the graph: e* > z° forall x > O exceptx=¢ RI

putting x = 7, conclude that ™ > 7® AG

[1 mark]

Examiners report

o INVA]
b, IN/A]

o, IVA]

The function f is defined as f(z) = €321, z € R.

a. () Find f71(z).
(i)  State the domain of £ 1.
b. The function g is defined as g(z) = Inz, = € R*.

The graph of y = g(z) and the graph of y = f~!(z) intersect at the point P.

Find the coordinates of P.

c. The graph of y = g(z) intersects the z-axis at the point Q.

Show that the equation of the tangent T to the graph of y = g(z) at the point Q isy = =z — 1.

d. Aregion R is bounded by the graphs of y = g(af:) the tangent T" and the line = = e.
Find the area of the region R.

e. Aregion R is bounded by the graphs of y = g(z), the tangent T' and the line z = e.
() Showthatg(z) <z —1, z € R".

z—1
T

(i) By replacing x with % in part (e)(i), show that <g(z), z € RT.

Markscheme

a () z=e¥tl M1

Note: The M1 is for switching variables and can be awarded at any stage.

Further marks do not rely on this mark being awarded.

taking the natural logarithm of both sides and attempting to transpose M1
(f Yz)) = 3(lnz—1) A1
(i) = € R orequivalent, for example z > 0. A1

[4 marks]

b. Inz = %(lnm —1)=hhz- %lnm = —% (or equivalenty M1A1

(4]

(5]

(8]

(5]

(6]



Inz = —% (or equivalent) A7

r=e 2z Al

1
coordinates of P are (e’i, — l) A1
[5 marks]

. coordinates of () are (1, 0) seen anywhere A1

S

dz T

dy
at Q, E == ]. A1
y=x—1 AG
[3 marks]

. let the required area be A

A= fle z — 1dz — fle Inzdz M1
Note: The M1 is for a difference of integrals. Condone absence of limits here.

attempting to use integration by parts to find fln xdx (M1)

2

€
= [% —:U]l —[zlnz —=z]] A1A1

Note: Award A7 for %2 —zandAfforzlnz — z.

Note: The second M1 and second A1 are independent of the first M1 and the first A7.

2 2 o,
= S
[5 marks]

. () METHOD 1

consider for example h(z) =z — 1 —Inz

h(1)=0 and K(z)=1—12 (A1)

ash/(z) >0 for z>1, then h(z) >0 for z>1 RI1
ash/(z) <0 for 0<z <1, then h(z)>0 for 0<z<1 R1
sog(z)<z-1,zeR" AG

METHOD 2

g"(z) = —% Al

g"(z) <0 (concave down)for = € R R1

the graph of y = g(z) is below itstangent (y =z —1 at z=1) R1

sog(z)<z—1,zcR" AG
Note: The reasoning may be supported by drawn graphical arguments.

METHOD 3



—1

clear correctgraphsof y =2z —1 and Inxz for >0 A1A1

statement to the effect that the graph of ln « is below the graph of its tangentatz =1 R1AG

1-z

(i) replacing z by % to obtain ln(%> < % -1 (: = ) M1

l1-z

—lnwgé—l(: T) (A1)
lnle—%(: 1771) A1

so 1 < g(z), z € Rt AG
[6 marks]

Total [23 marks]

Examiners report



[WV]

. Generally very well done, even by candidates who had shown considerable weaknesses elsewhere on the paper.

b. Generally very well done, even by candidates who had shown considerable weaknesses elsewhere on the paper.

o

. Generally very well done, even by candidates who had shown considerable weaknesses elsewhere on the paper.

d. A productive question for many candidates, but some didn’t realise that a difference of areas/integrals was required.

o

() Many candidates adopted a graphical approach, but sometimes with unconvincing reasoning.

(i)  Poorly answered. Many candidates applied the suggested substitution only to one side of the inequality, and then had to fudge the answer.

A function is defined as f(z) = k+y/z, withk > 0andz >0 .

(a) Sketch the graph of y = f(z) .
(b) Show that fis a one-to-one function.
(c) Find the inverse function, f!(z) and state its domain.
(d) Ifthe graphs of y = f(z) and y = f~!(z) intersect at the point (4, 4) find the value of & .
(e) Consider the graphs of y = f(x) and y = f(z) using the value of k found in part (d).
(i) Find the area enclosed by the two graphs.
(i)  The line x = c cuts the graphs of y = f(z) and y = f () at the points P and Q respectively. Given that the tangent to y = f(z) at

point P is parallel to the tangent to y = f~(z) at point Q find the value of ¢ .

Markscheme

(a)

Al

Note: Award A1 for correct concavity, passing through (0, 0) and increasing.

Scales need not be there.

[1 mark]



(b) astatement involving the application of the Horizontal Line Test or equivalent A1

[1 mark]

© y=kvz
for either z = ky/yor z = z—z Al

Fla) =% Al
dom (f~'(z)) = [0,00[ AI
[3 marks]

(d) 2 _ kv/z orequivalent method M1

2
k=+Vz
k=2 Al
[2 marks]

© ) A=[ (yi—y)dz M)
A= [} (20 - 1at)de a1
= [%aﬁ — %mz”}o Al

16

(i) attempt to find either f'(z) or (f71)'(z) MI
fa) =L, ((Y@=1%) i

1

c

c=2

MI

<
2

wlo

Al
[9 marks]
Total [16 marks]

Examiners report

Many students could not sketch the function. There was confusion between the vertical and horizontal line test for one-to-one functions. A
significant number of students gave long and inaccurate explanations for a one-to-one function. Finding the inverse was done very well by most
students although the notation used was generally poor. The domain of the inverse was ignored by many or done incorrectly even if the sketch was
correct. Many did not make the connections between the parts of the question. An example of this was the number of students who spent time

finding the point of intersection in part €) even though it was given in d).

(a) Leta > 0.Draw the graph of y = 'a: — %| for —a < z < a on the grid below.



(b) Find ksuch that [° |z — &|dz =k [ |« — 2|dz.

Markscheme

(a)
___________________ 3
AN’ {H IS NN AR
e
AIAI
£ . =
L r— | ae,l
1 i
N E T mamany
O]' i k'?b
| il
U

Note: Award A1 for the correct x-intercept,

A1 for completely correct graph.

(b) METHOD 1

the area under the graph of y = |ac — %| for —a < z < a, can be divided into ten congruent triangles; MI1A41

the area of eight of these triangles is given by ffa |a: - %| dz and the areas of the other two by [ .w - %| dz MiAl
so,f_oa|w— %’dm=4foa|a:— %|dw:>k:4 Al NO

METHOD 2

use area of trapezium to calculate M1



and area of two triangles to obtain M1
fle-glae=2x3(3) =% a
so, k=4 Al NO

METHOD 3

use integration to find the area under the curve
f?a ‘x — %‘ dx = fi)a -z + %dm M1

and

foa'ac—%|da::f05 —a:—}—%dm—}—f%am—%dm MI
:[7Z_2+£$}%+[m_27£$}a:ﬁ+a_+a_7a_7a_+a_:ﬁ Al
2 2 0 2 2 4 4 4

so,k=4 Al NO

[7 marks]

Examiners report

Most candidates attempted this question but very often produced sketches lacking labels on axes and intercepts or ignored the domain of the
function. For part (b) many candidates attempted to use integration to find the areas but seldom considered the absolute value. A small number of

candidates used geometrical methods to determine the areas, showing good understanding of the problem.

Given that f(z) =1 +sinz, 0 < z < 3?”,
a. sketch the graph of f; 1]
¥
2 -
1 -
0 L T im x
2 2
b. show that (f(z))? = g +2sinz — %cos 2z; (1]

c. find the volume of the solid formed when the graph of fis rotated through 27 radians about the x-axis. (4]



Markscheme

Al

[1 mark]

b. (1+sinz)? =1+ 2sinz + sin’z
=1+ 2sinz + %(1 —cos2z) Al
= g +2sinz — %cosZm AG
[1 mark]

c. V= njo%” (1+sinz)’dz  (MD)

3
=72 (g + 2sinz — %cos2m> dz

3
o 3 sin2z | 2
—W[gw—2cosm—TL Al
= yor  AlAl

[4 marks]

Examiners report

a. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2z) and the
insertion of the limits.

b. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2z) and the
insertion of the limits.

c. Parts (a) and (b) were almost invariably correctly answered by candidates. In (c), most errors involved the integration of cos(2z) and the

insertion of the limits.



Inz

Consider the function f(z) = = ,0 <z < €*.

a. (i) Solve the equation f'(z) = 0. (5]

(i) Hence show the graph of f has a local maximum.

(iii)  Write down the range of the function f .

b. Show that there is a point of inflexion on the graph and determine its coordinates. [5]

c. Sketch the graph of y = f(z) , indicating clearly the asymptote, x-intercept and the local maximum. [3]
. . In|z| In|z| 9

d. Now consider the functions g(z) = — and h(z) = TR ,where 0 < z < e . [6]

(i)  Sketch the graph of y = g(x) .
(ii))  Write down the range of g .
(iii)  Find the values of z such that h(z) > g(z) .

Markscheme

1
z——Inz

a (i) fl(z)="0— MIAI

1-lnz
2

Z

so f'(z) =0whenlnz =1,iez=¢ Al

(i) f'(z) >0whenz <eand f'(z) <Owhenz >e RI
hence local maximum AG

Note: Accept argument using correct second derivative.

(i) y<+ Al
[5 marks]

12%1—(1—1n z)2z

b. f'(x) = TZ— "2 M1
_ —z—2z+2zlhhz
=0 —

— —3+2Ilnz Al

23

Note: May be seen in part (a).

fflz)y=0 MI)
—-3+2lnz=0

ol

r=e

since f"(z) < 0 when z < e7 and f"(xz) > 0 when z > e7 RI

3
then point of inflexion (e?, _3£> Al

2e2



[5 marks]

o\~

AIAIAT

Note: Award A1 for the maximum and intercept, A1 for a vertical asymptote and A1 for shape (including turning concave up).
[3 marks]
d. (i)
fl\ 3

T~ AlAl
/ S~

7y

|
|
1

Note: Award A1 for each correct branch.

(ii) all real values A1



(iii)

wiad) ")

T~

—7.  (MI)(AD)

Note: Award (M1)(A1) for sketching the graph of 4, ignoring any graph of g.

—e? <z < —1(acceptz < —1) Al
[6 marks]

Examiners report

a.

Most candidates attempted parts (a), (b) and (c) and scored well, although many did not gain the reasoning marks for the justification of the
existence of local maximum and inflexion point. The graph sketching was poorly done. A wide selection of range shapes were seen, in some
cases showing little understanding of the relation between the derivatives of the function and its graph and difficulties with transformation of

graphs. In some cases candidates sketched graphs consistent with their previous calculations but failed to label them properly.

. Most candidates attempted parts (a), (b) and (c) and scored well, although many did not gain the reasoning marks for the justification of the

existence of local maximum and inflexion point. The graph sketching was poorly done. A wide selection of range shapes were seen, in some
cases showing little understanding of the relation between the derivatives of the function and its graph and difficulties with transformation of

graphs. In some cases candidates sketched graphs consistent with their previous calculations but failed to label them properly.

Most candidates attempted parts (a), (b) and (c) and scored well, although many did not gain the reasoning marks for the justification of the
existence of local maximum and inflexion point. The graph sketching was poorly done. A wide selection of range shapes were seen, in some
cases showing little understanding of the relation between the derivatives of the function and its graph and difficulties with transformation of

graphs. In some cases candidates sketched graphs consistent with their previous calculations but failed to label them properly.



d. Most candidates attempted parts (a), (b) and (c) and scored well, although many did not gain the reasoning marks for the justification of the
existence of local maximum and inflexion point. The graph sketching was poorly done. A wide selection of range shapes were seen, in some
cases showing little understanding of the relation between the derivatives of the function and its graph and difficulties with transformation of

graphs. In some cases candidates sketched graphs consistent with their previous calculations but failed to label them properly.

A tangent to the graph of y = In & passes through the origin.

(a) Sketch the graphs of y = In = and the tangent on the same set of axes, and hence find the equation of the tangent.
(b)  Use your sketch to explain why Inz < £ forz > 0.
(c) Show that z°® < e* forx > 0.

(d) Determine which is larger, 7 or e” .

Markscheme

(@)

A3

A4

Note: Award A1 for each graph

A1 for the point of tangency.

point on curve and line is (a, Ina) (MI)

y = In(z)

d d

T =i=> =1 (vhenz=a) MDAl
EITHER

gradient of line, m, through (0, 0) and (a, Ina) is IHT“ (MDAI
ém%:%élnazléa:eém:% MIAI

OR

y—Ina = %(w —a) (M)Al

passes through 0 if



Ina—-1=0 MI
a:e:>m:% Al
THEN

yz%x Al

[11 marks]

(b) the graph of In z never goes above the graph of y = %a: ,hencelnz < £ RI
[1 mark]

() mzx<I=emz<e=>hnz*<e MIAI
exponentiate both sides of Inz® < =z = z° < e RIAG

[3 marks]

(d) equality holds whenz =e RI
lettingx =m=7°<e™ Al NO
[2 marks]

Total [17 marks]

Examiners report

This was the least accessible question in the entire paper, with very few candidates achieving high marks. Sketches were generally done poorly,
and candidates failed to label the point of intersection. A ‘dummy’ variable was seldom used in part (a), hence in most cases it was not possible to
get more than 3 marks. There was a lot of good guesswork as to the coordinates of the point of intersection, but no reasoning showed. Many

candidates started with the conclusion in part (c). In part (d) most candidates did not distinguish between the inequality and strict inequality.

The diagram below shows a sketch of the gradient function f’(z) of the curve f(z) .

y=1@

On the graph below, sketch the curve y = f(x) given that f(0) = 0 . Clearly indicate on the graph any maximum, minimum or inflexion points.



Markscheme

A

Note: Award A1 for origin
Al for shape
Al for maximum

A1 for each point of inflexion.

[5 marks]

Examiners report

A reasonable number of candidates answered this correctly, although some omitted the 2°¢ point of inflection.

A5



2
Consider f(z) = %.

(a) Find the equations of all asymptotes of the graph of f.

(b) Find the coordinates of the points where the graph of f' meets the x and y axes.
(¢) Find the coordinates of

(i) the maximum point and justify your answer;

(i) the minimum point and justify your answer.

(d)  Sketch the graph of £, clearly showing all the features found above.

(e) Hence, write down the number of points of inflexion of the graph of /.

Markscheme
(@ x*+5x+4=0=>z=—-lorz=-4 (M)

so vertical asymptotes are x=—l andx=-4 Al
as ¢ — oo then y — 1 so horizontal asymptoteis y=1 (MI1)Al

[4 marks]

b) z2-5bz+4=0=>z=1lorz=4 Al
r=0=>y=1 Al

so intercepts are (1, 0), (4, 0) and (0,1)

[2 marks]

2 2
(C) (1) f,(m) _ (z°+5z+4)(22—5)—(z°—5z+4)(2z+5) MIAIAI

(z2+5:c+4)2
_10z%—40 _ 10(z—2)(z+2) Al
= @anera? " @’

flz)=0=>z=42 MI
so the points under consideration are (-2, —9) and (2, —%) AlAl

looking at the sign either side of the points (or attempt to find f"(z)) M1
eg ifz=—2" then (z — 2)(z +2) > O0andifz = —27 then (z — 2)(z +2) < 0,

therefore (-2, —9) is a maximum A1

(i) eg ifz =2 then(z—2)(z+2) <Oandifz =27 then (z — 2)(z + 2) > 0,

therefore (2, —%) is a minimum A7

Note: Candidates may find the minimum first.

[10 marks]

(d)



N
)
|
1
| I
| ]
I |
T ___'__1_______________:;___

' | (2,-1/a)

A
o
"l
=A

A3

Note: Award A1 for each branch consistent with and including the features found in previous parts.
[3 marks]

(e) one Al
[1 mark]
Total [20 marks]

Examiners report

This was the most successfully answered question in part B, in particular parts (a), (b) and (c). In part (a) the horizontal asymptote was often
missing (or x =4, x = 1 given). Part (b) was well done. Use of the quotient rule was well done in part (c) and many simplified correctly. There was
knowledge of max/min and how to justify their answer, usually with a sign diagram but also with the second derivative. A common misconception
was that, as —9 < — é, the minimum is at (-2, —9). In part (d) many candidates were unable to sketch the graph consistent with the main features

that they had determined before. Very few candidates answered part (e) correctly.



Let f'be a function defined by f(z) = z — arctanz ,z € R.

(a) Find f(1) and f (—\/5)

(b) Show that f(—z) = —f(z) ,forz € R.

(c) Showthatz — % < f(z) + 3 ,forz € R.

(d) Find expressions for f'(z) and f”(z) . Hence describe the behaviour of the graph of fat the origin and justify your answer.
(e) Sketch a graph of /', showing clearly the asymptotes.

(f) Justify that the inverse of fis defined for all x € R and sketch its graph.

Markscheme

(@ f(l)=1-—arctanl=1-% Al

f(=v3) = —v/3 —arctan(—V3) = -3+ § Al

[2 marks]

() f(—z) = —x — arctan(—z) MI
= —z +arctanz Al

= —(z — arctan )

=—f(z) AG NO

[2 marks]

(¢) as—7 <arctanz < 7, foranyz € R Al

= —5 < —arctanz < 7, foranyz € R

then by adding x (or equivalent) RI1

wehaver — 7 <z —arctanz <z + 5 AG NO

[2 marks]

@ flz)=1-—5or-2; AlAl

1+a? 1+a?

2z(1+2%)—22°
#(z) = “”((:‘zgf 2 or (1522)2 MIAL

F1(0)=£"(0) =0 AIAI
EITHER
as f'(z) > 0 for all values of z € R

((0, 0)is not an extreme of the graph of f (or equivalent)) RI

OR

as f"(z) > Ofor positive values of x and f”(z) < 0 for negative values of x RI
THEN

(0, 0) is a point of inflexion of the graph of f(with zero gradient) A1 N2

[8 marks]

(e)



AIAIAI

Note: Award A1 for both asymptotes.
A1 for correct shape (concavities) z < 0 .

A1 for correct shape (concavities) z > 0 .
[3 marks]

(f)  (see sketch above)

as f'is increasing (and therefore one-to-one) and its range is R ,
flisdefined forallz € R RI

use the result that the graph of y = f~!(z) is the reflection

in the line y = x of the graph of y = f(z) to draw the graph of f~1 (M)Al
[3 marks]

Total [20 marks]

Examiners report

Parts of this question were answered quite well by many candidates. A few candidates had difficulties with domain of arctan in part (a) and in
justifying their reasoning in parts (b) and (c). In part (d) although most candidates were successful in finding the expressions of the derivatives and

their values at x = 0, many were unable to use the results to find the nature of the curve at the origin. Very few candidates were successful in



answering parts (e) and (f).

a. (i) Sketch the graphs of y = sinx and y = sin 2z , on the same set of axes, for 0 < z < % . )
(ii) Find the x-coordinates of the points of intersection of the graphs in the domain 0 < z < % .
(iii)  Find the area enclosed by the graphs.
b. Find the value of fol \/gdm using the substitution z = 4sin’ . [8]
c. The increasing function fsatisfies f(0) = 0 and f(a) = b, wherea > 0andb > 0. 8]

(i) By reference to a sketch, show that [;' f(z)dz = ab — fob fz)dz .

(ii)) Hence find the value of f02 arcsin(%) dz .

Markscheme

a. (i)

A2

Note: Award A1 for correct sin z , A1 for correct sin 2 .



Note: Award 4140 for two correct shapes with % and/or 1 missing.
Note: Condone graph outside the domain.

(i1) sin2x:sinm,0<w<%
2sinzcosz —sinx =0 MI
sinz(2cosz —1) =0

:I):O,% AlIAl1 NINI

T

(iii) area= [ (sin2z —sinz)dz MI

Note: Award M1 for an integral that contains limits, not necessarily correct, with sin  and sin 2z subtracted in either order.

cos2x + cosx Al

—

1
2

1
2

—"O wln

= (f cos %’T + cos% — <f%cos() + COSO) M1)
3 1

— 1 2

1
1 a1
[9 marks]
1 5 in’ :
b fo v/ 75 de = [oF 4/ 7 x 8sinfcosfdl  MI1AIAL

Note: Award M1 for substitution and reasonable attempt at finding expression for dx in terms of d@ , first A1 for correct limits, second A1 for
correct substitution for dx .

fo% 8sin’0d§ Al

fO% 4 —4cos20d Ml

= [46 — 2sin 29]0% Al

- (%" —2sin§) —0 (M)
=% V3 Al

[8 marks]

c. (i)



Ml
from the diagram above
the shaded area = [ f(z)dz = ab— [} f~'(y)dy RI
=ab— fob fYz)dz AG

(i) f(z) =arcsinf = f!(z) =4sinz Al

f02 arcsin(f)dx = g - fog 4sinxzdr MIAIAI

Note: Award A1 for the limit % seen anywhere, A1 for all else correct.

=3- [—4dcosz]§ Al
=Z-4+2V3 a4l

Note: Award no marks for methods using integration by parts.

[8 marks]

Examiners report



a. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin = and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

b. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin z and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

c. A significant number of candidates did not seem to have the time required to attempt this question satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most common error being poor labelling of the
axes.

Part (ii) was done well by most the most common error being to divide the equation by sin « and so omit the x = 0 value. Many recognised the
value from the graph and corrected this in their final solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute the dx expression correctly and many did not even seem to recognise the
need for this term. Those that did tended to be able to find the integral correctly. Most saw the need for the double angle expression although
many did not change the limits successfully.

Few candidates attempted part ¢). Those who did get this far managed the sketch well and were able to explain the relationship required.
Among those who gave a response to this many were able to get the result although a number made errors in giving the inverse function. On
the whole those who got this far did it well.

The graph of y = f(z) is shown below, where A is a local maximum point and D is a local minimum point.

Y

ALY
B (0, 3)

C(1.0) /E(3,0)

D(2,-3)




L
fl@) °

B’, and D’ respectively, and the equations of any vertical asymptotes.

a. On the axes below, sketch the graph of y = clearly showing the coordinates of the images of the points A, B and D, labelling them A, [3]

¥
-
b. On the axes below, sketch the graph of the derivative y = f'(z) , clearly showing the coordinates of the images of the points A and D, [3]
labelling them A” and D" respectively.
¥
-
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Note: Award A1 for correct shape.
Award A1 for two correct asymptotes, and x = landz = 3.

Award A1 for correct coordinates, A’ (—1, %) , B (0, %) and D’ (2, —%)

[3 marks]
AY

AH

AIAIAT

Note: Award A1 for correct general shape including the horizontal asymptote.
Award A1 for recognition of 1 maximum point and 1 minimum point.
Award AT for correct coordinates, A”(—1,0) and D"(2,0) .

[3 marks]
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Examiners report

a. Solutions to this question were generally disappointing. In (a), the shape of the graph was often incorrect and many candidates failed to give
the equations of the asymptotes and the coordinates of the image points. In (b), many candidates produced incorrect graphs although the
coordinates of the image points were often given correctly.

b. Solutions to this question were generally disappointing. In (a), the shape of the graph was often incorrect and many candidates failed to give
the equations of the asymptotes and the coordinates of the image points. In (b), many candidates produced incorrect graphs although the

coordinates of the image points were often given correctly.

The graphs of y = |z + 1| and y = |z — 3| are shown below.

an
Letf(x)=|z+1|—|z—3]|

a. Draw the graph of y = f'(x) on the blank grid below. [4]
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3 4 2 0| 2 4 6 X
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T

b. Hence state the value of [4]
i) f'(-3);
iy f(27);
(i) [ f(z)dw.
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Note: Award M1 for any of the three sections completely correct, A1 for each correct segment of the graph. /4 marks]

b. () 0 AI

(i) 2 Al
(iii)  finding area of rectangle  (M1)
—4 Al

Note: Award M1A0 for the answer 4.
[4 marks]

Examiners report

a. Most candidates were able to produce a good graph, and many were able to interpret that to get correct answers to part (b). The most common
error was to give 4 as the answer to (b) (iii). Some candidates did not recognise that the “hence” in the question meant that they had to use their
graph to obtain their answers to part (b).

b. Most candidates were able to produce a good graph, and many were able to interpret that to get correct answers to part (b). The most common
error was to give 4 as the answer to (b) (iii). Some candidates did not recognise that the “hence” in the question meant that they had to use their

graph to obtain their answers to part (b).






